A SIMPLE PROOF OF THE MEAN VALUE OF |K;(0)| IN FUNCTION FIELDS

UNE DEMONSTRATION SIMPLE DE LA VALEUR MOYENNE DE |K,(O)| EN
CORPS DE FONCTIONS

JULIO ANDRADE

ABSTRACT. Let F be a finite field of odd cardinality q, A = F[T] the polynomial ring over F', k = F(T)
the rational function field over F' and H the set of square-free monic polynomials in A of degree odd. If
D € H, we denote by Op the integral closure of A in k(\/ﬁ) In this note we give a simple proof for
the average value of the size of the groups K2(Op) as D varies over the ensemble H and q is kept fixed.
The proof is based on character sums estimates and in the use of the Riemann hypothesis for curves
over finite fields.

Résumé: Soit F' un corps fini de cardinalité impair q, A = F|T] Uanneau de polynomes sur de F,
k = F(T) Le corps de fonction rationnelle sur F' et H l’ensemble des polynomes unitaires et sans facteur
carré en A de degré impair. Si D € H, on dénoter Op la cléture intégrale de A en k(\/ﬁ) Dans cette
note, nous donnons une preuve simple pour la valeur moyenne de la taille des groupes Ko2(Op) quand
D wvarie dans l’ensemble H et q est maintenu five. La preuve est basée sur des sommes de caractéres et
dans Uutilisation de ’hypothése de Riemann pour les courbes sur les corps finis.

1. INTRODUCTION

In [1I0], the author established average value results for the size of the algebraic K groups K»(O) over
function fields. His proof crucially depends on the mean value of quadratic Dirichlet L-functions over
function fields which in turn was first obtained with the help of functions defined on the metaplectic
two-fold cover of GL(2, ko), where koo is the completion of k = F,(T) at the prime at infinity.

In this paper we provide a simple proof for the mean value of the size of the groups K(O) over
the rational function field F,(T). Our proof is simpler in the sense that we avoid the Eisenstein series
construction involved in the proof given by Hoffstein and Rosen [6], and we do this by computing the
mean value of the required quadratic Dirichlet L-function in Fy(T") through character sum estimates.

We start by setting the notation. Let F' = F, be a finite field with ¢ elements (¢ odd), A = F,[T], and
k=TF,(T). For f € A we define |f| = ¢%°/) if f # 0 and |0| = 0. If D € A is square-free then Op is the
integral closure of A in the quadratic function field Kp = k(v/D).

The zeta function associated to A is defined by

(1.1) CGals)= Y IfIe= JI a-1p

feA PeA
i monic
monte irreducible

A straightforward calculation shows that (4(s) = (1 —¢'=*)7!. If D € A is square-free we set xp(f) =
(D/f) where (D/f) is the Kronecker symbol in A, and we form the quadratic Dirichlet L-function
L(s,xp) = >_; xp(f)|f|7*. Lastly, the zeta function of the ring Op is defined by (o, (s) = >, Na™*

where a runs through the nonzero ideals of Op = A[v/D] and Na denotes the norm of @, i.e., the number
of elements in Op/a. Similar to number fields |11}, Proposition 17.7], one has the relation
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(1.2) Cop(s) = Cals)L(s, xp)-

Making use of (|1.2), together with the results of Quillen [9] and Tate [12], Rosen [I0] was able to relate
the number L(2,xp) to the size of the group K2(Op). We will use such relationship to prove our main
result.

2. THE ALGEBRAIC K GROUPS K5(Op) AND A THEOREM OF ROSEN

Let D € A be a monic and square-free polynomial. For ease of discussion we only consider the case
where degree of D is odd since the case with degree of D even is similar and there are no important
differences. Let F' = F, and K/F be a function field in one variable with a finite constant field F,. The
primes in K are denoted by v, and O, is the valuation ring at v. We denote by P,, the maximal ideal of
O, and by F, the residue class field at v. The tame symbol (x, %), is a mapping from K* x K* to F:
defined by

(2.1) (a,b), = (—1)?(@v®)qv®) /pv(a) yodulo P,.

Let a € K* such that a # 0,1 so the group K»(K) is defined to be K* ® K* modulo the subgroup
generated by the elements a® (1 —a). Moore (see [I2] for more details) proved that the following sequence
is exact

(2.2) (0) — ker(A) — Ka(K) 25 @ F, 2 F* — (0),

where \ : Ky(K) — @, F,, is the sum of the tame symbol maps, and p : @, F, — F* is the map given
by p(.. . ay,...) = [I, aa™’™ where m, = NP, — 1 and m = |F*| = ¢ — 1.

By making use of the above discussion with Tate’s proof [12] of the Birch-Tate conjecture concerning
the size of ker(\), i.e.,

(2.3) [ker(M)| = (¢ = 1)(¢* = 1)k (~1),

where (x(s) =[], (1 — NP, *)~!, the product being over all the primes v of the function field K, Rosen
[10, Proposition 2] established that

(2.4) #K5(0p) = ¢¥/21EP) 3212, ).
With this in hand Rosen [10, Proposition 2(a)] proves the following

Theorem 2.1 (Rosen). Let m be a square-free polynomial of degree M, with M odd, and € > 0 given.
Then

25) (@D =¢"Ht D [K2(Om)| = Ca(2)¢a(4)e(2)g 2> M/ + O(gM+9),
meA
m square—free

where

(2.6) o2) =T~ 1PI7? = 1PI7° +|P|79),
P

the product is taken over all monic irreducible polynomials in A.
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3. THE MAIN RESULT

Without further postponements we present below the main result of this note.

Theorem 3.1. Let H = {D € A monic, square-free and deg(D) = 2g + 1} and e > 0. Then

(3.1) > #K,5(0Op) _ 20t =8/2¢, (1) P(4) 4 O(g29+D(1+2),

DeH

#7—[

where

1
(3.2) Pis)= [ (1—(|P|+1)|P|S).

PecA
monic
irreducible

A theorem similar to this was previously studied by Rosen. There are essentially two differences
between Rosen’s result (Theorem and the main result in this paper. First is that the average value
of |[K2(Op)|, as presented by Rosen, is an average taken over all square-free D and in our result we
only consider the monic and square-free D, i.e., positive and fundamental discriminants over function
fields. Comparing equations and we observe that the constants multiplying the main term
are close but not equal. And this is due to the fact that in our result we are summing over monic and
square-free while in Rosen’s result he is summing over all square-free, and in this sense Rosen’s result is
more general. This phenomenon is not new and it has appeared when you compare the main theorem
of [2] with [0, Theorem 5.2] and it also appears in number fields when you compare the first moment
of quadratic Dirichlet L-functions at the central point as given by [8, Theorem 1] and [5, Theorem (1)],
in both comparisons we see again that the constants multiplying the leading term in the mean values
are different. The second, and most important difference, is the argument used to prove such result. In
Rosen, he needs to invoke a mean value of L(s, xp) that was previously proved by himself and Hoffstein [6]
through the use of the theory of Eisenstein series and the metaplectic two-fold cover of GL(2, k), whereas
our method is solely based on estimating characters sums and in the use of the Riemann hypothesis for
curves over finite fields.

4. PREPARATORY RESULTS

In this section we present a few auxiliary results that will be used in the proof of the main theorem of
this note.

Lemma 4.1. Let f € A be a fixed monic polynomial. Then for all € > 0 we have that

(4.1) > 124%) 11 <|p|P+|1>+O(ID|§|f|s>.

dDDE’H 'Pdmo'rlloilc

=1 irraucible

ged(D, f) B

Proof. See [2| Proposition 5.2]. O

We also need the following lemma.

Lemma 4.2. We have

(4.2) S TIa+1erh "y “|—H|P|+1
P|d

f monic P momc
deg(f)=n g deg( )<
Proof. See [2l Lemma 5.7]. O

The last result that we need before to proceed to the proof of our main theorem is given below and it
has appeared in a different form in [2] 3 4] and its proof, as appears here, was first given in [IJ.



4 JULIO ANDRADE

Lemma 4.3. If f € A is not a perfect square then

(4.3) Z (D) < |D|M2| M4
DeH !
f#0

Proof. we write

= (5)-,2,.2.% o)

2a+B=2g+1 deg(B)=0 deg(A)=c

-z e(r) 2 ()

0<a<gdeg(A)=a deg(B)=2g+1—2«

>..0)
0<a<g deg(A)=a deg(B)=2g+1—2a f

If f # O then Zdeg(B)ZQQJrkM (?) is a character sum to a non-principal character modulo f. So using

(4.4)

IA

[T, Proposition 2.1] (which is the Pélya-Vinogradov inequality for F,[T]) we have that

(45) S (?) < |72,

deg(B)=2g+1—2a

Further we can estimate trivially the non-principal character sum by

B D 9
(4.6) Z ( ><<||A||2_q2g+1 20

deg(B)=2g+1—2a
Thus, if f # O, we obtain that

> (7) =25 i)

DeH 0<(y<g dcg(A
(4.7) < |DJ2|f[3
upon using the first bound (4.5) for o« < g — dch(f) and the second bound (4.6)) for larger . And this
concludes the proof of the lemma. O

5. PROOF OF THE MAIN THEOREM

From now on we are assuming that all the sums are being taken over monic polynomials and the
products are over monic and irreducible polynomials P in F,[T7].
By [11l Proposition 4.3] we have

Y Lxo) = Y > xoIf

DeH DeH deg(f)<2g
(5.1) = > D> xoDATPEY D xoWDIIT
DeH deg(f)<2g DeH deg(f)<2g
f=a f#0

For the sum above, where f is not a square of a polynomial, we use Lemma which depends on the
Riemann hypothesis for curves over finite fields, to obtain that

(5-2) Yo Y I«

Det deg(f)<2g
f#0
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For the sum with f a square of a polynomial in (5.1) we need some extra manipulations. First we use
Lemma [£.T] so we can write

(3 > > xphIfI?=

DeH deg(f)<2g
=0

n=0

D| d 1 | 20
m=0 T deg(ty=m Pl

From Lemma [£.2] we have

—» _ _|D —3m
SN xoWDIfFIT? = 0 |d| H|P|+ oo

DeH deg(i)[SJQg deg(d)<g Pld deg(d)<m<g
2ge+e _ ,2g+1
(5.4) I (q—g<qq>) .
“—q

After some arithmetic manipulations and summing the geometric series we can rewrite (5.4) as

o D]

DeH deg(f)<2g d monic  deg(d)>g Pld

=0
g |D| - % w(d) 1
3_
> —1¢a(2) d monic  deg(d)>g d] P|d P
2ge+e€ _ ,2g+1
(5.5) + o<q—g(qqez)).

The sums over deg(d) > g in (5.5) are respectively bounded by O(q=%9) and O(g~9) as can be seen
from below,

3 ’r}]:[|P|+1 < Y |4H| < Y —|

deg(d)>g deg(d)>g P|d deg(d)>g
(5.6) = Z < g
n>g
and

deg

1 1 1
- “‘— [TaPI+7" < N 11 |— > e
(d)> P|d P|d deg(d)>g

deg(d)

(5.7) = Z

and therefore does not contribute to the main term.
By expressing the sums over all monic d in (5.5) as Euler products we derive that

(58) Yo > e = ()PP(4)+0<(19(‘12"6+6—‘12“1)>’

DeM deg(f)<2g Ca(2) q°—q
=0

where P(s) is given as in the statement of Theorem

Combining (5.2)) and (5.8]) we get that
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D 9 4 g(2e—1)+e€
(5.9 S Lzn) = oL cap) + ot +o (T,
5o €a(2) 9 —q
We invoke [I1], Proposition 2.3|, which shows that #H = |D|/(4(2), together with equation (2.4]) and
a few arithmetic maneuvers to complete the proof of the main theorem in this letter. O
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