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The original Hilbert and Pólya conjecture is the assertion that the non–trivial zeros of the Riemann
zeta function can be the spectrum of a self–adjoint operator. So far no such operator was found.
However the suggestion of Hilbert and Pólya, in the context of spectral theory, can be extended to
approach other problems and so it is natural to ask if there is a quantum mechanical system related
to other sequences of numbers which are originated and motivated by Number Theory.

In this paper we show that the functional integrals associated with a hypothetical class of physical
systems described by self–adjoint operators associated with bosonic fields whose spectra is given by
three different sequence of numbers cannot be constructed. The common feature of the sequence
of numbers considered here, which causes the impossibility of zeta regularizations, is that the var-
ious Dirichlet series attached to such sequences - such as those which are sums over “primes” of
(norm P )−s have a natural boundary, i.e., they cannot be continued beyond the line Re(s) = 0.
The main argument is that once the regularized determinant of a Laplacian is meromorphic in s,
it follows that the series considered above cannot be a regularized determinant. In other words we
show that the generating functional of connected Schwinger functions of the associated quantum
field theories cannot be constructed.

PACS numbers: 02.10.De, 11.10.-z, 03.70.+k, 02.30.Tb

I. INTRODUCTION

The Riemann zeta function is the function of complex
variable s = σ+it defined to be the absolutely convergent
series in the region Re(s) > 1 by

ζ(s) :=

∞∑
n=1

1

ns
, Re(s) > 1. (1)

Riemann [1] proved that ζ(s) has an analytic continua-
tion to the whole complex plane C except for simple pole
at s = 1 with residue 1 at this pole.

In this same region, Re(s) > 1, the Riemann zeta func-
tion can be represented as a product over all primes p,
called Euler product, namely

ζ(s) =
∏

p prime

(
1− 1

ps

)−1
, (2)
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and we can quickly see that the formula above connects
properties of prime numbers with properties of the Rie-
mann zeta function ζ(s).

One of the most acclaimed open problems in pure
mathematics is the Riemann Hypothesis, which states
that the nontrivial zeros of ζ(s), i.e., the zeros of ζ(s) on
0 ≤ σ < 1, have real part equal to 1

2 (see Refs. [2–4]).
The connection between the prime numbers and the zeros
of Riemann zeta function can be seen from the assertion
that the validity of the Riemann hypothesis is equivalent
to the following asymptotic formula

π(x) = Li(x) +O(
√
x log x) as x→∞, (3)

where Li(x) is the logarithmic integral function and π(x)
denotes the number of primes p ≤ x.

The Hilbert–Pólya conjecture is the claim that the
imaginary parts tn of the zeros 1

2 + itn of the Riemann
zeta function are the eigenvalues of a self-adjoint (Her-
mitian) operator in a suitable Hilbert space and a proof
of the Riemann hypothesis follows if we are able to find
such an operator, but so far no such operator was found.
Montgomery[5], inspired by an observation made by Free-
man Dyson and later supported by numerical evidences
from Odlyzko [6], conjectured that distribution of spac-
ing between (pair–correlation) the Riemann zeros is the
same as the pair correlation function of the eigenvalues
of random matrices from the Gaussian unitary ensem-
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ble [7]. The results obtained by Montgomery on the
pair–correlation of the zeros of the ζ(s) has lead some
authors to consider and to investigate the Riemann hy-
pothesis under the light of random matrix theory and
quantum mechanics of classically chaotic systems [8, 9].
For a detailed discussion about the Riemann hypothesis
and physics, see Refs. [8, 10–18]. On the assumption
of the Hilbert–Pólya conjecture and the connection be-
tween zeros of ζ(s) and prime numbers it is natural to
ask if there is a spectral interpretation for the sequence
of prime numbers and other different number theoretical
sequences of numbers. For example, there is a quantum
mechanical system such that the Hamiltonian associated
to it has the prime numbers as its spectrum?

Several authors [16, 19–24] have considered the ques-
tion whether there is a quantum mechanical potential
related to the prime numbers. In a recent and beauti-
ful paper, Menezes and Svaiter [25] showed that for free
scalar quantum field theories the associated functional
integral cannot be constructed. The aim of this note is
to extend the work of Menezes and Svaiter and show that
there are different number theoretical sequences that not
allow us to construct the generating functional of con-
nected Schwinger functions of free scalar bosonic quan-
tum field theories. The sequences we present in this note
that causes the impossibility of construction of the func-
tional integral of such theories are: the sequence of the
primes p ≡ 1(mod m) with m = 3, 4, 6; the sequence
given by (Nk/QP ), when P varies over all prime ideal of

Ok with Nk/QP = pfP denoting the absolute norm of
P where fP = degP is the degree of the residue class
field extension and Ok is the ring of integers of an alge-
braic number field k such that [k : Q] = N (see Ref.[26]);
and finally the sequence given by (Np) where p runs over
all prime divisors of the global function field K/Fq (see
Section III for more details).

The common feature of the above sequences which
causes the impossibility of zeta regularizations is that the
various Dirichlet series attached to such sequences - such
as those which are sums over “primes” of (norm P )−s

have a natural boundary, i.e., they cannot be continued
beyond the line Re(s) = 0. The main argument used in
this paper is that once the regularized determinant of a
Laplacian is meromorphic in s, it follows that the series
considered above cannot be a regularized determinant.
The situation is different if we consider, for example, the
manifold as being the circle of dimension N = 1, then the
eigenvalues of the Laplacian are given by n2 for integers
n. The Minakshisundaram-Pleijel zeta function is given
by

Z(s) =
∑
n 6=0

1

(n2)s
= ζ(2s), (4)

and it is clear from properties of ζ(s) that Z(s) has an-
alytic continuation to the whole complex plane with a
simple pole at s = 1

2 and therefore does not have a nat-
ural boundary.

II. QUANTUM FIELD THEORY AND
SPECTRAL ZETA FUNCTION

We can say that, informally, Quantum Field Theory
(QFT) is the extension of quantum mechanics (QM) in
the sense that QFT handle with fields instead only par-
ticles and therefore the main aim of QFT is to deal with
fields that are similar to a classical field, i.e., is a function
defined over space and time, but which also incorporates
the background of quantum mechanics. For example we
can quote the quantum electrodynamics (QED), which is
a quantum field theory and in essence is the relativistic
quantum field theory of electrodynamics which has one
electron field and one photon field and such theory was
completed by Dyson [27] in 1949. The novelty involving
QFT is that it handles with fields instead particle and
so it is able to describe systems with an infinite num-
ber of degrees of freedom. The mathematical study of
QFT is in part devoted to the properties of the resulting
functional integral of the solutions of field theory mod-
els and make these functional integrals mathematically
precise. By standard Euclidean methods it is possible to
present a very well–defined functional integral represen-
tation, sometimes called partition function.

One of the main characteristic of the path integral
formalism [28] for developing quantum field theories is
that the spectral properties of the Hamiltonian of such
theories can be deduced from properties of moment of
the measure–theoretic factors in the functional integral.
For example, the bosonic field theory in one–dimensional
time can be reduced to the Heisenberg quantum mechan-
ics formulation, i.e., given a quantum mechanical system
with n degrees of freedom we can find a n–component
free scalar field model in one dimension which derives
the desired quantum mechanical system.

The question if quantum field theory can be used to
study number theory problems is not new and was con-
sidered by some authors [16, 20–24, 29, 30] and recently
by Menezes and Svaiter [25]. In this note, as said ear-
lier, we consider different number theoretical sequences
of numbers and ask about the possibility of quantum field
theories whose spectrum is given by such special number
theoretical sequences.

We assume for simplicity that our quantum field is a
neutral free scalar field ϕ defined in a compact Rieman-
nian C∞ manifold (M, g) with metric g = (gij) on M .
However, with extra care, the same results of this paper
can be derived for higher spin fields. We also assume that
~ = c = 1.

From now on we consider a free neutral scalar field
ϕ defined on M and we assume M is a d–dimensional
Minkowski spacetime (dimM = d) and M is connected.
The Euclidean field theory is obtained by analytic contin-
uation of the n–point Wightman functions to imaginary
time. Let us assume that the Euclidean space is compact
and may or may not have boundary. If the Euclidean
space has a smooth boundary we can find appropriate
boundary conditions on the fields. Also let us assume
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there exists an elliptic, self–adjoit differential operator D
which acts on scalar functions ϕ on the Euclidean space.

Consider one of the most common examples for D,
which is the negative of the Laplacian shifted by the mass
of the model, given by

D = (−∆ +m2
0), (5)

where ∆ is the d–dimensional Laplacian and m0 is the
mass of the model. Denote the kernel by

K(m0;x− y) = (−∆ +m2
0)δd(x− y), (6)

hence in this case the Euclidean generating functional
Z[h] is defined by the following functional integral

Z[h] =

∫
[dϕ] exp

(
−S0 +

∫
ddxh(x)

√
g(x)ϕ(x)

)
,

(7)
where g = det(gij) and [dϕ] is a translational invariant
measure given by

[dϕ] =
∏
x

dϕ(x), (8)

with h(x) being a smooth function generating the
Schwinger functions of the theory and S0 is the action
which describes a free scalar field given by

S0(ϕ) =

∫
ddxddy

√
g(x)g(y)ϕ(x)K(m0;x− y)ϕ(y).

(9)
To generate the connected Schwinger functions of the

theory we define the functional W [h] = lnZ[h] which
will generate such functions. Hawking [31] showed that
in flat space, in which the eigenvalues of Laplacians are
known, the zeta function corresponding to the partition
function can be computed explicitly and he studied zeta
function regularization in order to calculate the partition
functions for thermal graviton and matter’s quanta in
the horizon of black holes and on de Sitter space using
the relation by the inverse Mellin transformation to the
trace of the kernel of heat equations. In our case we also
need to performing the zeta function regularization, i.e.,
we need to regularize a determinant associated with the
operator D, once W [0] = − 1

2 ln detD, and thus we will
be able to obtain a well–defined object.

The spectral zeta function is defined to be

ζA(s) :=
∑
n∈N

1

asn
Re(s) > s0, (10)

for some complex number s0 and where A = (an)n∈N is
a sequence of nonzero complex numbers. Provided that
ζA(s) has analytic extension and is holomorphic at s = 0
the regularization zeta function product is defined as

∏
n∈N

an := exp

(
− d

ds
ζA(s)

∣∣∣∣
s=0

)
. (11)

Using the standard machinery of spectral theory of el-
liptic operators [32] we know that there exists a com-
plete orthonormal set {fk}∞k=1 such that the associated
eigenvalues obey: 0 ≤ λ1 ≤ λ2 ≤ · · · ≤ λk → ∞ when
k →∞ (The zero eigenvalue λ0 must be omitted and the
eigenvalues are counted with multiplicities). From Linear
Algebra we get that the operator D in the basis {fk} is
represented by the infinite diagonal matrix

D =


λ1

λ2
λ3

. . .

 , (12)

and therefore the fn’s satisfy the eigenvalue equation for
D, namely

Dfn(x) = λnfn(x). (13)

The spectral zeta function ζD(s) attached to the operator
D is defined to be the infinite series

ζD(s) =
∑
n∈N

1

λsn
, Re(s) > s0, (14)

for s0 sufficiently large and using the ideas above we have,
formally, that

− d

ds
ζD(s)

∣∣∣∣
s=0

= ln detD. (15)

The spectral zeta function ζD(s) must be defined at
s = 0 as can be seen from (15). In particular to be able
to regularize the determinant of the functional integral of
the theory it is necessary that ζD(s) has an analytic con-
tinuation into the whole complex plane. We notice that
the spectral zeta function satisfies the following scaling
property

d

ds
ζµ2D(s)

∣∣∣∣
s=0

= lnµ2ζD(s)

∣∣∣∣
s=0

+
d

ds
ζD(s)

∣∣∣∣
s=0

, (16)

where µ is an arbitrary parameter with dimension of
mass.

III. ZETA FUNCTION OF CURVES AND
PRIME DIVISORS

We start by defining the zeta function of a curve C. Let
C be a nonsingular projective curve over a finite field Fq
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of characteristic p with q = pa where p is a prime number
(The prototype for such finite fields is Z/pZ). Let DC be
the usual additive group of divisor on C defined over
Fq. In other words they are finite sums a =

∑
aiPi

where ai ∈ Z and the Pi’s are points of C defined over a
finite extension of Fq, such that φ(a) = a where φ is the
Frobenius endomorphism on C raising the coordinates to
the qth power. We call deg(a) =

∑
ai the degree of the

divisor a and it is called effective if every ai > 0 and in
this case we write a > 0.

A prime divisor p is a positive divisor that cannot be
expressed as the sum of positive divisors, in other words
they are the analogue of the prime numbers for the func-
tion field of the curve C. The norm of a divisor a is
defined as Na = qdeg(a). With this notation we define
the zeta function of the curve C to be

ζ(s, C) =
∑
a>0

1

Nas
Re(s) > 1, (17)

(for more details see [33, Chapter 5]).
Making use of the multiplicativity of the norm and the

fact that the group of divisors of C, DC , is a free abelian
group on the set of prime divisors, we see that the zeta–
function of C also has an Euler product

ζ(s, C) =
∏
p

(1−Np−s)−1 Re(s) > 1, (18)

and the Poincaré duality gives us the functional equation

q(g−1)sζ(s, C) = q(g−1)(1−s)ζ(1− s, C), (19)

where g is the genus of the curve C. It is known [33]
that (17) has an analytic continuation to all C and has
simple poles at s = 0 and s = 1. Weil [34] showed that
the Riemann hypothesis is true for ζ(s, C), i.e., all the
zeros of ζ(s, C) lie on the line Re(s) = 1/2.

Let us assume that there is an hypothetical operatorD,
given as in the Section II, which acts on scalar functions
in the Riemannian manifold M and has the sequence
of (Np) as its spectrum when p varies over the prime
divisors of C. Therefore the spectral zeta function, ζD(s),
attached to D is given by

P (s, C) =
∑
p

1

Nps
Re(s) > 1, (20)

where the sum is over all prime divisors on C. Using the
same reasoning from Section II we know, in this case,
that to be able to regularize the generating functional of
connected Schwinger functions of the free scalar quantum
field theory we must analytically extend P (s, C) to s = 0.
So now our main aim is to study the analytic continuation
of (20).

Using (18) we have

log ζ(s, C) =

∞∑
n=1

1

n
P (ns,C), Re(s) > 1. (21)

Invoking the Möbius inversion formula, one has

P (s, C) =

∞∑
k=1

µ(k)

k
log ζ(ks, C) Re(s) > 1, (22)

where the Möbius function µ(n) is defined for n > 1
as [35]

µ(n) =

{
(−1)k if n = p1 · · · pk for distinct primes
0 otherwise

,

and µ(1) = 1. From (22) we have that the analytic con-
tinuation of (20) can be obtained from the analytic con-
tinuation of the zeta function ζ(s, C) of the curve C. The
analytic continuation of ζ(s, C) was proved by Schmidt
and Weil and we know from them that ζ(s, C) has an
analytic continuation to all C with simple poles at s = 0
and s = 1 and the analytic continuation is given by

ζ(s, C) =
LC(q−s)

(1− q−s)(1− q1−s)
, (23)

where LC(q−s) is a polynomial in u = q−s of degree 2g
with integer coefficients.

For Re(s) ≤ 1 the analytic structure of P (s, C) is given
by the poles and zeros of ζ(s, C) and from (22) one notices
that s = 1

k is a singularity of P (s, C) for all square–free

positive integers k. We have that the sequence
(
1
k

)
limits

to s = 0.
We have that all points on the line Re(s) = 0 are limit

points of the poles of P (s, C) and so we can conclude that
the line Re(s) = 0 is a natural boundary of P (s, C). In-
deed, the same arguments presented in Refs. [36, 37] for
the Riemann zeta function ζ(s) holds for the ζ(s, C) and
hence there is a clustering of singular points along the
imaginary axis from the zeros of ζ(s, C) and we can see
Re(s) = 0 is a natural boundary for P (s, C). Therefore
we can conclude that the function P (s, C) can be analyt-
ically continued only in the strip 0 < σ ≤ 1, and with the
exception of the singular points of P (s, C) in 0 < σ ≤ 1
the equations (22) and (23), gives a representation for
P (s, C) which is valid for Re(s) > 0.

Denoting ζ(ks) = z, where z is a complex variable and
using that the function ln z is analytic at every point of
its Riemann surface and satisfies

d

dz
ln z =

1

z
, (24)

we obtain that dP (s, C)/ds = P
′
(s) can be computed for

Re(s) > 0. From (22), one has
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d

ds
P (s, C) =

∞∑
k=1

µ(k)

k

1

ζ(ks, C)

∂

∂s
ζ(ks, C), Re(s) > 0.

(25)
In order to obtain a well–defined functional integral as-

sociated to the scalar field ϕ, as mentioned in Section II,
we need to define the regularized determinant associated
to D, i.e., it is necessary to compute the corresponding
spectral zeta function and its derivative at s = 0. For
the spectrum given by the sequence of numbers (Np),
the functional W [0] is given by

W [0] =
1

2
lnµ2P (s, C)

∣∣
s=0

+
1

2

d

ds
P (s, C)

∣∣
s=0

, (26)

where we have used that W [0] = − 1
2 ln detD, and equa-

tions (15) and (16).
Combining (25) and (26) we have that if k is a

square–free number in ζ(ks, C) = 0 then dP (s, C)/ds
diverges. And if k is not a square–free number the quan-
tity dP (s, C)/ds is not well–defined. Hence the sequence
given by (Np) of the general curve C leads us to a ill–
defined functional integral for the quantum field theory
in question. In other words we have proved the following
theorem:

Theorem 1 The sequence of numbers given by (Np)
where p runs over all prime divisors of the curve C is
not zeta regularizable, i.e., there is no hypothetical free
scalar bosonic quantum field theories described by self–
adjoint operators D such that its spectrum is given by
(Np).

Now we will show that the sequence of the primes
p ≡ 1(mod m) with m = 3, 4, 6 and the sequence given
by (Nk/QP ), when P varies over all prime ideal of Ok
with Nk/QP = pfP denoting the absolute norm of P
where fP = degP is the degree of the residue class field
extension and Ok is the ring of integers of an algebraic
number field k such that [k : Q] = N , are not zeta regu-
larizable.

For the sequence of primes p ≡ 1(mod m) with m =
3, 4, 6, Kurokawa [38] showed that

∑
p≡1( mod m)

1

ps
, (27)

has analytic continuation for Re(s) > 0 with the nat-
ural boundary Re(s) = 0. Hence the same arguments
above apply to this case. And for the sequence given
by (Nk/QP ), analogous calculations such as those car-
ried out in Section III can be performed for (Nk/QP ),
where in this case, we use the Dedekind zeta function
of the algebraic function field k. Therefore this imply
that the sequences above lead us to ill–defined free scalar
quantum field theories.

IV. CONCLUSION

We have showed in this paper that, beyond the se-
quence of prime numbers, other number theoretical se-
quences of numbers lead us to ill–defined free neutral
scalar bosonic quantum field theories described by self-
adjoint operators D acting on scalar fields ϕ in a d–
dimensional Minkowski spacetime.

In two recent works, by Sierra and Townsend [17] and
Sierra and Rodriguez-Laguna [18], the Berry–Keating
classical Hamiltonian H = xp, conjectured to be the
semi–classical limit of a quantum mechanical model for
the complex zeros of the Riemann zeta function, is revis-
ited. In the first work they showed that classical results
can be recovered by viewing the H = xp model as a low-
est Landau level limit of a quantum mechanical model for
a charged particle on the xy–plane and so the authors
provide semi-classical evidence that the full ‘counting’
formula for the Riemann zeros will arise from a consider-
ation of the higher Landau levels. In the second work, the
authors reformulate the Berry-Keating model in terms of
the classical Hamiltonian Hcl = x(p+l2p/p) defined on the
half-line x ≥ lx and in this case it has closed orbits whose
semiclassical spectrum agrees with the average Riemann
zeros. To achieve the goal of finding the Riemann opera-
tor we need to understand the quantum origin of the fluc-
tuations of the Riemann zeros and the work of Sierra and
Rodriguez–Laguna [18] suggest that is needed to modify
the Hamiltonian in a nontrivial way. Compared with our
case, the operator D = (−∆ + m2

0) is the Laplacian on
a d–dimensional Riemannian manifold acting on a free
scalar field instead only a particle. And for the cases con-
sidered above, the spectrum of D, lead us to ill–defined
free scalar quantum field theories. It would be interesting
to find a classical Hamiltonian, such as those suggested
by Berry-Keating or the Sierra–Rodriguez–Laguna that
would provide us the prime numbers and other number
theoretical sequences as its spectrum and at the same
time lead us to well–defined quantum physical systems.

As we have remarked before, the same results above
can be extended to higher spin fields, in particular spinor
fields, with weak interactions and also for quantum me-
chanical systems with n degrees of freedom since they can
be derived from n-component scalar quantum field theo-
ries in one dimension. The results obtained in this paper
are viewed as constraints for formulations of quantum
mechanical systems which has the sequences of numbers
as presented here as its spectrum. And if there is a hypo-
thetical quantum system which has an energy spectrum
given by those sequences of the theorem above this will
imply that cannot be a free energy associated with such
a system. But an intriguing issue is whether this situa-
tion persists in fermionic quantum field theories and such
question is under investigation by the author.

Other very interesting question to be investigated is
if there are other sequences of prime numbers, such as
the twin primes which obey the same result above. Now,
returning to the case of zeta functions of curves C, we
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know that there is a spectral interpretation for the ze-
ros of the ζ(s, C) through the Frobenius on Cohomology.
The question if there is a quantum field theory or a phys-
ical interpretation for the Frobenius can shed some light
in the path of a proof of the original Riemann Hypothesis
and in this way a physical interpretation for the Frobe-
nius using the ideas of this paper will be very interesting
and is being carried out by the same author.
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