EXERCISES: ANALYTIC NUMBER THEORY IN F[z]
EXETER 2018

Exercise 1. The divisor function di(f) for a monic polynomial f €
F,[z] is the number of k-tuples (ay,...,ax) € F,[x]* of monic polyno-
mials so that f =ay---- - ay.

Show that for Re(s) > 1,

Z dk(f) — Cq(s)k'

f monic |f|8
Exercise 2. The Mabius function for F,[x] is defined as p(f) = (—1)*
iff=cPy----- Py, 1s a product of k distinct monic irreducibles, ¢ € F,
and p(f) = 0 otherwise. Show that for Re(s) > 1,
() _ 1
f monic |f|5 Cq(s)

Exercise 3. Show that

> A(d) = deg f

daf

Exercise 4. Let F,[z] be the polynomial ring over a finite field F, of q
elements. The divisor function di(f) for a monic polynomial f € F[x]
is the number of k-tuples (ay, ..., ax) € F,[z]* of monic polynomials so
that f=ay----- Q.

Show that for k > 2, the mean value of dy(f) over all monic polyno-
mials of degree n is given by the binomial coefficient

1 n+k—1 m+k—1)-...-(n+1)
5 2 an=("1)- (k= 1)

deg f=n
f monic

Exercise 5. Show that

deg f=n
f monic

Exercise 6. Show that
1
E ? ~ lOg N, N — 0

deg P<N ’ ’
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the sum over all prime polynomials (monic irreducibles) and in partic-
ular that Y, 1/|P| = oo.

Exercise 7. The cycle structure of a permutation o of n letters is
Ao) = (A1, ..., An) if in the decomposition of o as a product of disjoint
cycles, there are \; cycles of length j. In particular \(o) is the number
of fized points of o.

For each partition A = n, denote by p(\) the probability that a random
permutation on n letters has cycle structure \:

o = HEE8 X =)

Show that
1

j=1
In particular, this shows that the proportion of n-cycles in the symmet-
ric group S, is 1/n.

Exercise 8. For f € F,[z]| of positive degree n, we say its cycle struc-
ture is A(f) = (M1,..., \n) if in the prime decomposition f =[], Pa
(we allow repetition), we have #{co : deg P, = j} = \;. In particular
deg f = Zj JA;j. Thus we get a partition of deg f, which we denote by
A f). For instance, f is prime if and only if A\(f) = (0,0,...,0,1).

Given a partition X F n, show that the probability that a random
monic polynomial f of degree n has cycle structure X\ is asymptotic, as
g — 00, to the probability that a random permutation of n letters has
that cycle structure:

1 1

q—n#{f monic,deg f =n: A(f) = A} = p(A)(l + 0(5))

Hint: start with primes, where the statement is just the Prime Polyno-
maal Theorem.



