MEAN VALUES OF DERIVATIVES OF L-FUNCTIONS IN FUNCTION
FIELDS: IV

JULIO ANDRADE AND HWANYUP JUNG

ABSTRACT. In this series, we investigate the calculation of mean values of derivatives of Dirichlet
L-functions in function fields using the analogue of the approximate functional equation and the
Riemann Hypothesis for curves over finite fields. The present paper generalizes the results obtained
in the first paper. For p > 1 an integer, we compute the mean value of the p-th derivative of
quadratic Dirichlet L-functions over the rational function field. We obtain the full polynomial in
the asymptotic formulae for these mean values where we can see the arithmetic dependence of the

lower order terms that appears in the asymptotic expansion.

1. INTRODUCTION

This is part 4 of a series of papers devoted to the study of mean values of derivatives of L-
functions in function fields. The main method to compute such mean values is based on the use
of the approximate functional equation for function field L-functions as first developed by Andrade
and Keating in [5]. In part 1 [6], we computed the full polynomial in the asymptotic expansion of
> Den L (2,xp), where L(s, xp) is the quadratic Dirichlet L-function in function fields associated
with the quadratic character xp where D is monic and square-free and H is the set of all monic
and square-free polynomials of odd degree in F,[t]. Now we generalize the results obtained in the
first part of this series.

In this paper we establish asymptotic formulas for the mean values of the p-th derivative of
Dirichlet L-functions associated to real quadratic function fields and to imaginary quadratic function
fields, in other words, we average the derivatives of quadratic Dirichlet L-functions over monic and
square-free polynomials of odd degree and of even degree respectively. The calculations carried out
in this paper generalize the previous work [6] but the calculations here are much more subtle and
lengthy. Moreover, extra care is needed to bound the error terms and to obtain the full polynomial
in the asymptotic formulas.

Before we proceed and state the main results of this paper it is important to remind the reader
that the results of this paper can be seen as a function field version of moments of derivatives of the
Riemann zeta function as given by Ingham [14] and then further developed by the work of Conrey
[7], Gonek [12] and Conrey, Rubinstein and Snaith [8]. A second motivation of this work comes
from the pioneering work of Hoffstein and Rosen [13] about the study of mean values of Dirichlet
L-functions in function fields.
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2. A SHORT BACKGROUND ON FUNCTION FIELDS

For the main notation used in this paper, we suggest the reader to consult the book by Rosen
[17], the book by Thakur [18] and the other papers in this series [1,2,6].

Let F, be a finite field with ¢ elements, where ¢ is odd. We denote by A = F[t] the polynomial
ring over F, and A = {f € A: f is monic}. We also use that A;} = {f € A" : deg(f) =n}, AL, =
{f € At 1 deg(f) <n}, AL, = {f € AT : deg(f) > n}, and that H = {f € At : fis square—f;ee},
with H, = HNA}.

The zeta function attached to A is defined by the following Dirichlet series,

G =Y ﬁ for Re(s) > 1,

feAt
where |f| = q38(f) for f # 0 and |f| = 0 for f = 0. We can easily prove that
1
Cwls) =T =
The quadratic Dirichlet L-function of the rational function field k = F,(¢) is defined to be
L(s,xp) = XD({) for Re(s) > 1,
217

where xp is the quadratic character defined by the quadratic residue symbol in F,[t], i.e.,

xp(f) = (?) )

and D is a square-free monic polynomial. In other words, if P € A is monic irreducible we have
0, if P|D,

(2.1) xp(P) =141, if Pt D and D is a square modulo P,
—1, if Pt D and D is a non-square modulo P.

For a more detailed discussion about Dirichlet characters for function fields see [17, Chapter 3] and
[5,10].

In this paper we work with the family of quadratic Dirichlet L-functions that are associated to
polynomials in Hagy1 and Hogyo.

If D € Hogy1, the L-function associated to xp is the numerator of the zeta function associated
to the hyperelliptic curve defined by the affine equation Cp : y?> = D(t) and, consequently, L(s, xp)

is a polynomial of degree 2g in the variable u = ¢~*° given by

29
(2.2) L(s,xp) = Y A(n,xp)g™ ",
n=0

where
A(n,xp) = Z xo(f)-
fead
(see [17, Propositions 14.6 and 17.7] and [5, Section 3]).
This L-function, as it is expected, satisfies a functional equation. Namely

(2.3) L(s,xp) = (¢"**)9L(1 — 5,xDp).

The Riemann hypothesis for curves, proved by Weil [19], tells us that all the zeros of L(s, xp) have
real part equals 1/2.

If D € Hog4o then the L-function is a polynomial of degree 2¢g + 1 and also satisfies a functional
equation and a Riemann Hypothesis, with the exception of having one zero with absolute value 1.
For further details see [10,15,17].
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3. STATEMENT OF RESULTS

For any D € H, let L(s,xp) be the quadratic Dirichlet L-function associated to xp. Let u be a
positive integer. Let L") (s, xp) be the u-th derivative of L(s, xp). For any integer n > 0, let .J,,(n)
be the sum of the p-th powers of the first n positive integers, i.e., J,(n) = Y ,_, ¢*. Faulhaber’s
formula tells us that J,,(n) can be rewritten as a polynomial in n of degree p1+ 1 with zero constant
term, that is, J,(n) = Zm 1 Ju(m)n™. The coefficients of this polynomial are related to Bernoulli
numbers through the following formula known as Bernoulli’s formula

1 K(p+1 1
n =g > (M) o
H =0

where (“+1) denotes the binomial coefficient and B+ are the second Bernoulli numbers. We refer
to the book of Conway and Guy [9, page 107] for Faulhaber’s formula and Bernoulli’s formula.
Let

-2 ILJ° HP\L 1+|P|)

LeAt

where p(L) is the Mébius function for polynomials. So for any integer m > 0, we have

(3.1)

Gom(s) u(L) deg(L)™
—ng™ % L TLp (L + [P])

We are now ready to state two of the main results of this paper. The first theorem is the mean
values of derivatives of Dirichlet L-functions associated to the imaginary quadratic function field
k(VD) with D € Hagy1.

Theorem 3.1. Let p be a fized positive integer and q be an odd fized integer. Then we have

LW (%, xp) ~ (=2)*|D| . w
Deg;‘gﬂ (Ing)»  (a(2) <G(1)Ju([2]) + (—lnq)“)

pt1
G ()

|D| Z 1
n= nq
2#|D| Z < ) (awmagwm>

1% m+1 (n) .
-T2 () o S a0 R + 0upfEos, 1)

Inq)

n=1
where on the right hand side |D| = ¢?9+1.

The second theorem is the mean values of derivatives of Dirichlet L-functions associated to the
real quadratic function field k(v/D) with D € Hay .
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Theorem 3.2. Let p be a positive integer and q be an odd fixed integer. Then we have

(1) m ()
Z L (2’XD> _ 24| D| <G(1)JM([3])+G(1)>

pae  Thor  GE) o)

0 pl L
2N ) Sl - g raplg
L 21D (=1)p! gaé“’)(%) i . GO
L %;_M et Camgp (G0 + )
2D (D g () e

e a+§:u alble! (—21lnq)® :ljcn (—Ing)”
GIpld14 3 (M) LI oo, 101,

m=0

where 6(s) = 11 q‘{ '+ and on the right hand side |D| = ¢29+2.

Remark 3.3. Recent work of Florea [11] on the first moment of quadratic Dirichlet L-functions
over function fields lead us to believe that the error term provided above is not optimal. We will
return to this topic in a future paper where we intend to use Florea’s calculations to improve the
error term above.

Remark 3.4. As far as we checked results of this type are unknown for the family of quadratic
Dirichlet L-functions associated to the quadratic characters xq in the number field setting. It should
be possible to obtain the analogues of the results of this paper in the number field setting by using
the same technique as those employed by Jutila in [16]. The main difference would be on the size of
the error term, where in the function fields we can use the full power of the Riemann Hypothesis for

curves to obtain unconditionally better estimates than those in the number field setting.

4. MAIN TOOLS

In this section we present a few auxiliary results that will be used in the proof of the main

theorems.

Lemma 4.1. If f € A is a non-square polynomial, then

Z xo(f)

DeHn

< |DF|f]5.

For a proof of Lemma 4.1 see [3, Lemma 4.3] and [4, Lemma 4.1]. For a similar estimate see
[10, Lemma 3.1].

Lemma 4.2. Let f € AT. For any e > 0, we have

D]

Yoo1= D) [Ta+P =t + oDz fI).
DeH., A by
(D,f)=1
Proof. This is Proposition 5.2 in [5]. O

Lemma 4.3. We have

1 1_ ?
2 Jla+ipr™=a" 3 |L|HP|L1+\P|>

LeAf PIL Le A+

Proof. This is Lemma 5.7 in [5]. O
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Lemma 4.4. Let m > 0 be an integer and h =g or h = g+ 1/2. Then we have

(L) deg(L)™
[LITTp (14 |P)

=0(g™q™ ).
LeA™
deg(L)>[%]

Proof. This is Lemma 3.4 in [6]. O
Lemma 4.5. Forhe {g—1,g9} and m € {0,1,...,u}, let

My (1 C'Z S TL0+ P
(=

LeAj PIL

Then we have

_2"D| ( L, G () )
2m\D\ N~ (g G
Z lnq)a +0(g™q #|DJ).
Proof. By Lemma 4.3, we can write
2m|p| & u(L)
Mp.m(p) = E
)= Gy 2 2 T, 017D
2™|D| (L)
(4.1) 2P s S
w2y <) e+ IPD i

For integer k > 0, recall that Ji(n) = >, ¢*, which is a polynomial in n of degree k + 1 with zero
constant term. Write Ji(n) = anill Jr(m)n™. Then we have

m+1

(42) Z o= Jm([%]) + deg Z ]m deg

deg(L)<<[%]

Inserting (4.2) into (4.1), we have
_ 27Dl n (L)
Mt =y D 2 A

<4

2" D 3 (L) deg(L)™

+

CA(Q) Le A+ |L| HP|L(1 + |P|)
<131
(4.3) 2m|D| % i Z p(L) deg(L)*

o T (1P
<4

Then, from (4.3), by using Lemma 4.4, we get that

_ 2m‘D‘ ([Q]) M(L)
Y 2 LT, 0+ 1P)

2| D) p(L) deg(L)™
CA() Z |L|HP\L( +|PD

2m|D|

LeA+
m—+1

L)deg(L)* _g
Jm(a +O0(9™q 2 |D|).
Z L%; ‘L|HP\L (1+1[P))
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We also recall that for any integer m > 0, we have

G (s L) deg(L)™
(4.5)
—lnq L§+ |L|® HP\L(l +1[P[)

Finally, by (4.4) and (4.5), we get

2" D o, G
CA(Q) (G(l)Jm([QD + (_ lnq)nz)

2m|D)| mz*:l L G@(1)

Mh,m(/i) =

CA(2) o ]m(a’) (_ In q)a

Lemma 4.6. For he {g—1,g}, let

Q
D 2
Nily) = e PRI
=0 Lea} PIL
Then we have
Ni(p) = G(1)|D|g!¥1=5 + 0(g| DI ).
Proof. By Lemma 4.3, we can write
(51
Dl _h+1 /.L(L)
Nl = 221 g2 37 ¢t
w@! & Z L TLpy, (1 + [P])
|D| LS Z (L) Z 4
q°.
L 14+ |P
B R ) PR P
L)
Since
S df =@ (o - gt
deg(L)<t<[§]
we get that
- u(L)
(46)  Nu(w) = |Dlgl)=" ~ Dla~ T BN
%3 21Ty, (1 1P) L o =
<4 <4

By Lemma 4.4 and (4.5), we have

(L) _ (L) —gy _ g
D AZ D0 717D~ 2, Ty, P+ O ) = Cn o6,

<[5]

We also have

w\:—

p(L)

(4.8) S S Z
&7, TP 2
f
By inserting (4.7) and (4.8) into (4.6), we get
h+1
Ni(p) = G(1)|D]g!#1="%" + O(g| DI ).

5. PROOF OF THEOREM 3.1

In this section we give a proof of Theorem 3.1.
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5.1. p-th derivative of L(s,xp) for D € Hogi1. For any D € Hggi1, the approximate functional
equation for L(s, xp) ([5, Lemma 3.3]) gives us

(5.1) Lisxo) = 3 xo(AOIFI~ +417297 S e (fIF

+ +
feASy feAS_qfl

Lemma 5.1. Let D € Hogy1. For any integer > 0, we have

L(M)(&XD) — (1—2s) ¢ H —-m & m (s—=1)n
o2 =N (=) A (D)g " 4 g9y (m)(—Zg)“ > n™An(D)q ;
n=0

(hl q)H n=0 m=0

where Ay (D) =37 rcp+ xp(f)- In particular, we also have

g g—1
a(s) = Z An(D)q—ns7 5<5> _ q(1—2s)9 and 7(5) = ZAn(D)q(s—l)n.
n=0 ne0

Then we have

m=0 \"
For any integer m > 0, we also have
a™(s) = (Ing)™ 3 (~n Ja "%, B (s) = (~2gIng)™q" 2
n=0
and
’y(m) =(lng)™ Z n™ A, ( q(sfl)".

By combining the previous equations it follows that

() K
L (&XD) _ Z(_n)uAn(D)qfns +q(172s)g Z </”L> 29 H m anA q(s n
m
m=0

(In g)»

and

Write

h
St =Y 1" 2> > xo(f)
n=0 feAt D€Haga
for h € {g— 1,9} and m € {0,1,...,u}. Then, by (5.2), we can write
LW (3, xp) -
> s > (0 )

DeHagia =0
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5.2. Averaging S, (). In this subsection we obtain an asymptotic formula of Sy, ().

Proposition 5.2. For he€ {g— 1,9} and m € {0,1,..., u}, we have

o () 27Dl npy . G()
Shonli) = 21 (G(l)Jmu’;D + )
m m—+1
(53 S22 G 1)) O(1D} (1og, |D)™).

Proof. We split the sum over f with f being a perfect square of a polynomial or not. Then we have
Shom (1) = i ()T + S (1) 200,
where

(5.4) Sim (1t D—Zn g3 Z Z xo(f

feAt DEHg1
r=d

(5.5) Sh o (1 ¢D—Zn q Z Z xo(f

feAt DeHagta
F#0

For the contribution of non-squares, from (5.5) by using Lemma 4.1, we have

h
ENOFIES SED M I SRRty

n=0 feaf ' DE€Hagya
0
h
n 1 1 7
(5.6) <Y nmq7% Y |D|7|f|x < D3 (log, |D|)™
n=0 fGA:Z

Now, we consider the contribution of squares. From (5.4), by using Lemma 4.2, we get

(5.7) Shom()o = Zn 2> > 1= Muw(p) + 0™ D7),
feA+ D€H2g+1
(D,f)=
where

M:‘

My (p1) = C} gt S IO+ 1P

LeAf PIL
By Lemma 4.5, we have
_ 2"1D| ( i G“”’U))
Mh,m(ﬂ) = CA(2) G(I)Jm([z]) + (_ In q)m

27D &R G (1)

IJm(n) ——= -
G@) 2 g
By inserting (5.8) into (5.7), it follows that

(5.8) +0(g™q 2| D).

N _ 2D wyy 4 G
Sh,m(:u)m = CA(2> (G(l)JnL([Q]) + (_ lnq)m)
m m+1 (") g
59 2 IDI Z i Gln(q)) +0(g™q 2 |D)).

Finally, combining (5.6) and (5.9), we obtain the result. O
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5.3. Completing the proof. Recall that
Ll L
(5]_0) Z (1(2)XD) — ( HSO + Z < ) u mSO (/J)
DeHagt1 ng)t m=0
By (5.3) with h = g and m = p, we have that

—2)K (1)
(—1)"S (1) = (CQA)(J)D' <G(1)Jﬂ([g]) n ((iln(ql))/)
ptl

D G(n) 7
(5.11) e S g + 0D o, D))
We also, by (5.3), have that
- Hw _ H—m QO _ 2#|D| . H _ \H—m g—1 G(m)(l)
> ()20 sy =23 S (M) o (6ot + Sl )

m=0 In q)

m=0
24 D| & o = G< Gy z .
(5.12) S C P (4 (ST DAL +0(1DIF log, D).

= —In q)

By inserting (5.11) and (5.12) into (5.10), we complete the proof.

6. PROOF OF THEOREM 3.2
In this section we give a proof of Theorem 3.2.

6.1. p-th derivative of L(s,xp) for D € Hogio. For D € Hagyo, the approximate functional
equation for L(s,xp) ([15, Lemma 2.1]) gives us

L(s,xp) = Z Xo(FIfI7 =g othe Z xo(f)

+ +
feAig feASg

(6.1) +q"95(s) Y xp(NIIT—a76(s) Y xn(f),
feat, feat,

—s

where 0(s) = 11__;15,1.

Lemma 6.1. Let D € Hogyo. For any integer > 0, we have

L(M) (87 XD) 4 1 .
2B NP A, (D) — (g + 1) A, (D

(_ In q)lt n=0 n=0
I (29)26®)(s) =
(1—2s)g H (g —n)°A (D n(s—1)
+4a Z alble!  (—1Ingq)? Z( n) An(D)g
a+b+c=p n=0
H —m §(m) g-1
gs w gh—molm(s)
1 Z <m) (—lng)™ ZAH(D),
m=0 n=0

where Ay (D) =3 rcp+ X0 (f)- In particular, we also have

L(”)(l»XD) J — _gtl 4
SRR = o AuD)E — g+ )Y A (D)
n=0

w3

P (29)60(3) &, e 2
+ Z alble!  (—1Ingq)® Z( n)"4n(D)q
a+b+ec=p n=0

m=0 n=0

[N

(6.2) -q"
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Proof. By (6.1), we can write

L(s,xp) = L1(s) — La(s) + Ls(s) — La(s),

where

g
=0 S An(D)

Ls ( )_q(l 25)g6 ZA 'rL(s—l)7

Li(s) = q 9°5(s ZA

For any integer p > 0, we have

(k) g
Ly (s s
(—lln( ))u =D An(D)g™,
q n=0
(n) 9
Ly (s Z
(—21n(q)) g+ 1% e

Lgﬂ) (8)

| (29)73)(s) &

3 \°) __ _(1-2s)g 1% ( g e n(s—1)
(—Ing)® 4 Z alble!  (—Ingq)® § ,( n)°An(D)q 5
a+b+c=p n=0

LY (s)

798i <H>gu mgm) (s Zl
TN, 4
(=Ing)» = \m (—Ing)™ o
Hence, we get
L (s XD g
HAL(D)g™" — 1)tg—(g+1)s A,.(D
Cing) Zn (g+1)"q nz:% (D)
I (29)26®)(s) &=
(1-2s)g H ( g —n)¢A. (D n(s—1)
T4 Z alble! (—Ing)b Z( n)An(D)a
a+b+c=p n=0
H pn—m §(m) g—1
—gs p) ghmot™ (s)
g ( ) A,(D).
2 ) g 20
In particular, for s = %, it follows that
L(u)(% N
Cing Zn A,(D)g% — (g + 1) ZA

1
,U' 29 a(;(b (l) = c _n
+ Z abled (—In )2 (=n)°An(D)q ">
a+b+c=p q n=0

gt f; (Z)WgzlAn(D).

In q) =

Write

h

Shmm) =Y 1" F Y > xp(f)

n=0 feAt DeHagqo
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and

h
T =453 3 S )

n=0 fcpf DEHag42

for h € {g— 1,9} and m € {0,1,...,u}. Then, by (6.2), we can write

(1)
> L ) (Q’XD)=8§,M<u>—(g+1>ﬂ7;<u>

DA 11 (=Ing)»

Loy CDwET

alble!  (—Ingq)®

a+b+c—u
g' e (3)
- "LZO ( > —In q) 7-9*1(/1)

6.2. Averaging Sj, (). In this subsection we obtain an asymptotic formula of Sy, ,, ().

Proposition 6.2. For h € {g— 1,9} and m € {0,1,..., u}, we have

. oD o G
Shnlt) = 2 (G(l)Jm<[g1>+ S
m m+1
(6.3) 2 ‘D‘Z S))a O(ID|¥ (1og, [D)™).

Proof. We can write S; (1) = S, ,,,(0)o + Sj, . ()20, where

h
(6.4) Spamo=Y_n"g%> > xplf)

n=0 fEAi DcHagyi2

and
h

(6.5) Shom (1 ¢D—anq 2 Z Z xp(f

feAt DeMtagia
f#0

For the contribution of non-squares, from (6.5) by using Lemma 4.1, we have

h
Stoscl <30 S| S o)
n=0

feat  DeHagiz
f£0
h
<> nmg E > |DJE|f
n=0 fEA:;
7
(6.6) < |DI3 (log, | D)™

Now, we consider the contribution of squares. From (6.4), by using Lemma 4.2, we get

(6.7) St D—Zn 3> S 1= Muw(n) + O(g" ¢ |DI?),
f€A+D€H2g+2
=0 (D,f)=
where

L
Mhm Hz;meZH1+Pl

LeAf PIL
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By Lemma 4.5, we have

2" D o, G
CA(Q) (G(l)‘]m([2}) + (_ lnq)’”)
2m|D| Z+ G GO

Mh,fﬂ(.“) =

(6.8) “Tng) +0(g™q"2|DJ).
By inserting (6.8) into (6.7), it follows that
2"|D| ( L G () >
Si = G)Jn([2]) + ———=
2m D| & G(a) mo—g
(6.9) l | Z Jm( lnq)) +0(g™q > |D]).
a=1

Finally, combining (6.6) and (6.9), we obtain the result.

6.3. Averaging Tp, (). In this subsection we obtain an asymptotic formula of Ty ().
Lemma 6.3. For h € {g —1,g}, we have

(6.10) Ti(w) = G(1)|D]g'#1="%" + O(|D|* (log, |D))).

Proof. We can write Ty, (1) = Tn(1t)o + T (1) 20, where

h
(6.11) Tmo=¢"5 >3 > xo(f)

n=0 fept DeHag 2

F=0
and
h+1 h
(6.12) Tweo=q 2 > > >  xolf)
n=0 fept DEMag 2
f#0

For the contribution of non-squares, from (6.12) by using Lemma 4.1, we have

h
Tl < TS Y XD<f>\

":OfGA: DeHogy2
20
~ht1
(6.13) Z > D2 |f]* < |DJ (log, |D|).
n=0 reat

Now, we consider the contribution of squares. From (6.11), by using Lemma 4.2, we get

h
—hi1 1

(6.14) Two=¢"7 Y. 5 Y 1=Ni(u) +0(ge*|D|?),

n= 0f€A+ DEHQHQ

=0 (D.f)=

where

ID| o (4]

A =0 Lea P|L
By Lemma 4.6, we have
(6.15) Ni(i) = G)|D[gE=5" + 0(g|D| ).
By inserting (6.15) into (6.14), we get that
(6.16) Tu(w)o = G(1)|D|g81="5 + 0(gD|?).

Finally, combining (6.14) and (6.16), we obtain the result.
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6.4. Completing the Proof. Recall that

(k) (L
> L x0) 8 u(1m) = (g+ )" Ty(n)

Dty 1o (—Ing)~
Ly e,
o - mZ ()2,
Then, by (6.3), we have
Sy u(n) = QC:(; (G(l)JM([g]) . m>

2|D| G

(6.18) ) 2 In) e+ OUDI g, D))
and
—1)°p! (29)26® (L) .
+;_ (a!b)!c¢ é]f In q)® Sg-1.0(1)
_ 2¢|D| (=17t g°0"(3) g1y, G1)
= CA(2) a+b+zc_u alble! (—21nq)b (G(l)Jc([ 2 ]) (—lnq)c)
24| D) (—1)eu! g0 (L) & e
— Ca(2) a+§:# alble! (—21Inq)® n:1~70 (=Ilng)”
(6.19) +O(|DJ% (log, | D))
Now, by (6.10), we also have
(6.20) (9 + D Ty(1) = (g + D*G)|D|g!= 5 + O(| DI (log, |D)")
and
) gt (3)
2 ) g T )
g—11 o p=—mg(m) 1 .
(6.21) — ool 3 ()L oDl o, D))

7. A REMARK ON THE DERIVATIVES OF G(s)

Recall that

_ (L)
G = 2 T 0+ 1P

By expressing G(s) as an Euler product, we obtain that

1
7.1 G(s) = l——— .
1) (#) 13( FGTTED)
Taking logarithmic derivative in (7.1), we have
!
(72 E8 _ sy (s),

—Ilng
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where

B deg(P)
M) =2 PP+ T

For any integer n > 1, let
H,(s)

H =7
Let G be the set of finite sums of finite product of G(s), H1(s), Ha(s),.... Define an operator ¢ by
p(G(s)) = G(s)H(s) and p(H,(s)) = Hpy1(s) for any n > 1. Extend ¢ to G by the rules that
w(A+ B) = p(A) + ¢(B) and p(AB) = p(A)B + Ap(B) for any A, B € G. For example,

P(Glo) = Gy (s) = S,
P(G) = () (s + Halo) = 00,
PG = GO + 36 Hals) + Ha(s) = & L
Inductively, we can show that
(3 PG = Sl

for any integer n > 1.
For any monic irreducible polynomial P, let fp(s) = |P|*(|]P|+1). We present below the function

H, (s) for a few values of n as this illustratesthe complexity of this function.

_ deg(P)
Hle) = ; 1—fp(s)’

< deg(P)2p(s)
2T IreR

Hy(s) = 3 S8V L1+ (o)

HQ(S) =

P (L= fr(s))? ’
deg(P) fp(s)(1 +4fp(s $)2
Hy(s) :_EP: g(P) fP((i(_'}'P(il)D)(4)+fp( ) )’
deg(P)° fp(s)(1+ 11fp(s) + 11fp(s)* 5)3
Hs(s) zzP: g(P)”fr(s)( +(1 fPf(P)(;)_)f) fr(s)® + fr(s)°)
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