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Abstract. In this series, we investigate the calculation of mean values of derivatives of Dirichlet

L-functions in function fields using the analogue of the approximate functional equation and the

Riemann Hypothesis for curves over finite fields. The present paper generalizes the results obtained

in the first paper. For µ ≥ 1 an integer, we compute the mean value of the µ-th derivative of

quadratic Dirichlet L-functions over the rational function field. We obtain the full polynomial in

the asymptotic formulae for these mean values where we can see the arithmetic dependence of the

lower order terms that appears in the asymptotic expansion.

1. Introduction

This is part 4 of a series of papers devoted to the study of mean values of derivatives of L-

functions in function fields. The main method to compute such mean values is based on the use

of the approximate functional equation for function field L-functions as first developed by Andrade

and Keating in [5]. In part 1 [6], we computed the full polynomial in the asymptotic expansion of∑
D∈H L

′′
( 1
2 , χD), where L(s, χD) is the quadratic Dirichlet L-function in function fields associated

with the quadratic character χD where D is monic and square-free and H is the set of all monic

and square-free polynomials of odd degree in Fq[t]. Now we generalize the results obtained in the

first part of this series.

In this paper we establish asymptotic formulas for the mean values of the µ-th derivative of

Dirichlet L-functions associated to real quadratic function fields and to imaginary quadratic function

fields, in other words, we average the derivatives of quadratic Dirichlet L-functions over monic and

square-free polynomials of odd degree and of even degree respectively. The calculations carried out

in this paper generalize the previous work [6] but the calculations here are much more subtle and

lengthy. Moreover, extra care is needed to bound the error terms and to obtain the full polynomial

in the asymptotic formulas.

Before we proceed and state the main results of this paper it is important to remind the reader

that the results of this paper can be seen as a function field version of moments of derivatives of the

Riemann zeta function as given by Ingham [14] and then further developed by the work of Conrey

[7], Gonek [12] and Conrey, Rubinstein and Snaith [8]. A second motivation of this work comes

from the pioneering work of Hoffstein and Rosen [13] about the study of mean values of Dirichlet

L-functions in function fields.
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2. A Short Background on Function Fields

For the main notation used in this paper, we suggest the reader to consult the book by Rosen

[17], the book by Thakur [18] and the other papers in this series [1, 2, 6].

Let Fq be a finite field with q elements, where q is odd. We denote by A = Fq[t] the polynomial

ring over Fq and A+ = {f ∈ A : f is monic}. We also use that A+
n = {f ∈ A+ : deg(f) = n}, A+

≤n =

{f ∈ A+ : deg(f) ≤ n}, A+
>n = {f ∈ A+ : deg(f) > n}, and that H = {f ∈ A+ : f is square-free},

with Hn = H ∩ A+
n .

The zeta function attached to A is defined by the following Dirichlet series,

ζA(s) =
∑
f∈A+

1

|f |s
for Re(s) > 1,

where |f | = qdeg(f) for f 6= 0 and |f | = 0 for f = 0. We can easily prove that

ζA(s) =
1

1− q1−s
.

The quadratic Dirichlet L-function of the rational function field k = Fq(t) is defined to be

L(s, χD) =
∑
f∈A+

χD(f)

|f |s
for Re(s) > 1,

where χD is the quadratic character defined by the quadratic residue symbol in Fq[t], i.e.,

χD(f) =

(
D

f

)
,

and D is a square-free monic polynomial. In other words, if P ∈ A is monic irreducible we have

(2.1) χD(P ) =


0, if P | D,

1, if P - D and D is a square modulo P ,

−1, if P - D and D is a non-square modulo P .

For a more detailed discussion about Dirichlet characters for function fields see [17, Chapter 3] and

[5, 10].

In this paper we work with the family of quadratic Dirichlet L-functions that are associated to

polynomials in H2g+1 and H2g+2.

If D ∈ H2g+1, the L-function associated to χD is the numerator of the zeta function associated

to the hyperelliptic curve defined by the affine equation CD : y2 = D(t) and, consequently, L(s, χD)

is a polynomial of degree 2g in the variable u = q−s given by

L(s, χD) =

2g∑
n=0

A(n, χD)q−ns,(2.2)

where

A(n, χD) =
∑
f∈A+

n

χD(f).

(see [17, Propositions 14.6 and 17.7] and [5, Section 3]).

This L-function, as it is expected, satisfies a functional equation. Namely

(2.3) L(s, χD) = (q1−2s)gL(1− s, χD).

The Riemann hypothesis for curves, proved by Weil [19], tells us that all the zeros of L(s, χD) have

real part equals 1/2.

If D ∈ H2g+2 then the L-function is a polynomial of degree 2g + 1 and also satisfies a functional

equation and a Riemann Hypothesis, with the exception of having one zero with absolute value 1.

For further details see [10,15,17].
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3. Statement of Results

For any D ∈ H, let L(s, χD) be the quadratic Dirichlet L-function associated to χD. Let µ be a

positive integer. Let L(µ)(s, χD) be the µ-th derivative of L(s, χD). For any integer n ≥ 0, let Jµ(n)

be the sum of the µ-th powers of the first n positive integers, i.e., Jµ(n) =
∑n
`=1 `

µ. Faulhaber’s

formula tells us that Jµ(n) can be rewritten as a polynomial in n of degree µ+ 1 with zero constant

term, that is, Jµ(n) =
∑µ+1
m=1 jµ(m)nm. The coefficients of this polynomial are related to Bernoulli

numbers through the following formula known as Bernoulli’s formula

Jµ(n) =
1

µ+ 1

µ∑
l=0

(
µ+ 1

l

)
B+
l n

µ+1−l,

where
(
µ+1
l

)
denotes the binomial coefficient and B+

l are the second Bernoulli numbers. We refer

to the book of Conway and Guy [9, page 107] for Faulhaber’s formula and Bernoulli’s formula.

Let

G(s) =
∑
L∈A+

µ(L)

|L|s
∏
P |L(1 + |P |)

,

where µ(L) is the Möbius function for polynomials. So for any integer m ≥ 0, we have

G(m)(s)

(− ln q)m
=
∑
L∈A+

µ(L) deg(L)m

|L|s
∏
P |L(1 + |P |)

.(3.1)

We are now ready to state two of the main results of this paper. The first theorem is the mean

values of derivatives of Dirichlet L-functions associated to the imaginary quadratic function field

k(
√
D) with D ∈ H2g+1.

Theorem 3.1. Let µ be a fixed positive integer and q be an odd fixed integer. Then we have

∑
D∈H2g+1

L(µ)( 1
2 , χD)

(ln q)µ
=

(−2)µ|D|
ζA(2)

(
G(1)Jµ([ g2 ]) +

G(µ)(1)

(− ln q)µ

)

− (−2)µ|D|
ζA(2)

µ+1∑
n=1

jµ(n)
G(n)(1)

(− ln q)n

+
2µ|D|
ζA(2)

µ∑
m=0

(
µ

m

)
(−g)µ−m

(
G(1)Jm([ g−12 ]) +

G(m)(1)

(− ln q)m

)

− 2µ|D|
ζA(2)

µ∑
m=0

(
µ

m

)
(−g)µ−m

m+1∑
n=1

jm(n)
G(n)(1)

(− ln q)n
+O(|D| 78 (logq |D|)µ),

where on the right hand side |D| = q2g+1.

The second theorem is the mean values of derivatives of Dirichlet L-functions associated to the

real quadratic function field k(
√
D) with D ∈ H2g+2.
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Theorem 3.2. Let µ be a positive integer and q be an odd fixed integer. Then we have∑
D∈H2g+2

L(µ)( 1
2 , χD)

(− ln q)µ
=

2µ|D|
ζA(2)

(
G(1)Jµ([ g2 ]) +

G(µ)(1)

(− ln q)µ

)

− 2µ|D|
ζA(2)

µ+1∑
n=1

jµ(n)
G(n)(1)

(− ln q)n
− (g + 1)µG(1)|D|q[

g
2 ]−

g+1
2

+
2µ|D|
ζA(2)

∑
a+b+c=µ

(−1)cµ!

a!b!c!

gaδ(b)( 1
2 )

(−2 ln q)b

(
G(1)Jc([

g−1
2 ]) +

G(c)(1)

(− ln q)c

)

− 2µ|D|
ζA(2)

∑
a+b+c=µ

(−1)cµ!

a!b!c!

gaδ(b)( 1
2 )

(−2 ln q)b

c+1∑
n=1

jc(n)
G(n)(1)

(− ln q)n

−G(1)|D|q[
g−1
2 ]− g

2

µ∑
m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m
+O(|D| 78 (logq |D|)µ),

where δ(s) = 1−q−s

1−qs−1 and on the right hand side |D| = q2g+2.

Remark 3.3. Recent work of Florea [11] on the first moment of quadratic Dirichlet L-functions

over function fields lead us to believe that the error term provided above is not optimal. We will

return to this topic in a future paper where we intend to use Florea’s calculations to improve the

error term above.

Remark 3.4. As far as we checked results of this type are unknown for the family of quadratic

Dirichlet L-functions associated to the quadratic characters χd in the number field setting. It should

be possible to obtain the analogues of the results of this paper in the number field setting by using

the same technique as those employed by Jutila in [16]. The main difference would be on the size of

the error term, where in the function fields we can use the full power of the Riemann Hypothesis for

curves to obtain unconditionally better estimates than those in the number field setting.

4. Main Tools

In this section we present a few auxiliary results that will be used in the proof of the main

theorems.

Lemma 4.1. If f ∈ A is a non-square polynomial, then∣∣∣∣ ∑
D∈Hn

χD(f)

∣∣∣∣� |D| 12 |f | 14 .
For a proof of Lemma 4.1 see [3, Lemma 4.3] and [4, Lemma 4.1]. For a similar estimate see

[10, Lemma 3.1].

Lemma 4.2. Let f ∈ A+. For any ε > 0, we have∑
D∈Hn

(D,f)=1

1 =
|D|
ζA(2)

∏
P |f

(1 + |P |−1)−1 +O(|D| 12 |f |ε).

Proof. This is Proposition 5.2 in [5]. �

Lemma 4.3. We have ∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1 = q`
∑
L∈A+

≤`

µ(L)

|L|
∏
P |L(1 + |P |)

.

Proof. This is Lemma 5.7 in [5]. �
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Lemma 4.4. Let m ≥ 0 be an integer and h = g or h = g + 1/2. Then we have∑
L∈A+

deg(L)>[h2 ]

µ(L) deg(L)m

|L|
∏
P |L(1 + |P |)

= O(gmq−
g
2 ).

Proof. This is Lemma 3.4 in [6]. �

Lemma 4.5. For h ∈ {g − 1, g} and m ∈ {0, 1, . . . , µ}, let

Mh,m(µ) =
2m|D|
ζA(2)

[h2 ]∑
`=0

`mq−`
∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1.

Then we have

Mh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
a=1

jm(a)
G(a)(1)

(− ln q)a
+O(gmq−

g
2 |D|).

Proof. By Lemma 4.3, we can write

Mh,m(µ) =
2m|D|
ζA(2)

[h2 ]∑
`=0

`m
∑
L∈A+

≤`

µ(L)

|L|
∏
P |L(1 + |P |)

=
2m|D|
ζA(2)

∑
L∈A+

≤[h
2
]

µ(L)

|L|
∏
P |L(1 + |P |)

∑
deg(L)≤`≤[h2 ]

`m.(4.1)

For integer k ≥ 0, recall that Jk(n) =
∑n
`=1 `

k, which is a polynomial in n of degree k+ 1 with zero

constant term. Write Jk(n) =
∑k+1
m=1 jk(m)nm. Then we have

∑
deg(L)≤`≤[h2 ]

`m = Jm([h2 ]) + deg(L)m −
m+1∑
a=1

jm(a) deg(L)a.(4.2)

Inserting (4.2) into (4.1), we have

Mh,m(µ) =
2m|D|
ζA(2)

Jm([h2 ])
∑

L∈A+

≤[h
2
]

µ(L)

|L|
∏
P |L(1 + |P |)

+
2m|D|
ζA(2)

∑
L∈A+

≤[h
2
]

µ(L) deg(L)m

|L|
∏
P |L(1 + |P |)

− 2m|D|
ζA(2)

m+1∑
a=1

jm(a)
∑

L∈A+

≤[h
2
]

µ(L) deg(L)a

|L|
∏
P |L(1 + |P |)

.(4.3)

Then, from (4.3), by using Lemma 4.4, we get that

Mh,m(µ) =
2m|D|
ζA(2)

Jm([h2 ])
∑
L∈A+

µ(L)

|L|
∏
P |L(1 + |P |)

+
2m|D|
ζA(2)

∑
L∈A+

µ(L) deg(L)m

|L|
∏
P |L(1 + |P |)

− 2m|D|
ζA(2)

m+1∑
a=1

jm(a)
∑
L∈A+

µ(L) deg(L)a

|L|
∏
P |L(1 + |P |)

+O(gmq−
g
2 |D|).(4.4)
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We also recall that for any integer m ≥ 0, we have

G(m)(s)

(− ln q)m
=
∑
L∈A+

µ(L) deg(L)m

|L|s
∏
P |L(1 + |P |)

.(4.5)

Finally, by (4.4) and (4.5), we get

Mh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
a=1

jm(a)
G(a)(1)

(− ln q)a
+O(gmq−

g
2 |D|).

�

Lemma 4.6. For h ∈ {g − 1, g}, let

Nh(µ) =
|D|
ζA(2)

q−
h+1
2

[h2 ]∑
`=0

∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1.

Then we have

Nh(µ) = G(1)|D|q[h2 ]−
h+1
2 +O(g|D| 34 ).

Proof. By Lemma 4.3, we can write

Nh(µ) =
|D|
ζA(2)

q−
h+1
2

[h2 ]∑
`=0

q`
∑
L∈A+

≤`

µ(L)

|L|
∏
P |L(1 + |P |)

=
|D|
ζA(2)

q−
h+1
2

∑
L∈A+

≤[h
2
]

µ(L)

|L|
∏
P |L(1 + |P |)

∑
deg(L)≤`≤[h2 ]

q`.

Since ∑
deg(L)≤`≤[h2 ]

q` = ζA(2)
(
q[

h
2 ] − qdeg(L)−1

)
,

we get that

Nh(µ) = |D|q[h2 ]−
h+1
2

∑
L∈A+

≤[h
2
]

µ(L)

|L|
∏
P |L(1 + |P |)

− |D|q−
h+3
2

∑
L∈A+

≤[h
2
]

µ(L)∏
P |L(1 + |P |)

.(4.6)

By Lemma 4.4 and (4.5), we have∑
L∈A+

≤[h
2
]

µ(L)

|L|
∏
P |L(1 + |P |)

=
∑
L∈A+

µ(L)

|L|
∏
P |L(1 + |P |)

+O(q−
g
2 ) = G(1) +O(q−

g
2 ).(4.7)

We also have ∣∣∣∣ ∑
L∈A+

≤[h
2
]

µ(L)∏
P |L(1 + |P |)

∣∣∣∣� [h2 ]∑
`=0

∑
L∈H`

1

|L|
� g.(4.8)

By inserting (4.7) and (4.8) into (4.6), we get

Nh(µ) = G(1)|D|q[h2 ]−
h+1
2 +O(g|D| 34 ).

�

5. Proof of Theorem 3.1

In this section we give a proof of Theorem 3.1.
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5.1. µ-th derivative of L(s, χD) for D ∈ H2g+1. For any D ∈ H2g+1, the approximate functional

equation for L(s, χD) ([5, Lemma 3.3]) gives us

L(s, χD) =
∑
f∈A+

≤g

χD(f)|f |−s + q(1−2s)g
∑

f∈A+
≤g−1

χD(f)|f |s−1.(5.1)

Lemma 5.1. Let D ∈ H2g+1. For any integer µ ≥ 0, we have

L(µ)(s, χD)

(ln q)µ
=

g∑
n=0

(−n)µAn(D)q−ns + q(1−2s)g
µ∑

m=0

(
µ

m

)
(−2g)µ−m

g−1∑
n=0

nmAn(D)q(s−1)n,

where An(D) =
∑
f∈A+

n
χD(f). In particular, we also have

L(µ)( 1
2 , χD)

(ln q)µ
=

g∑
n=0

(−n)µAn(D)q−
n
2 +

µ∑
m=0

(
µ

m

)
(−2g)µ−m

g−1∑
n=0

nmAn(D)q−
n
2 .(5.2)

Proof. By (5.1), we can write L(s, χD) = α(s) + β(s)γ(s), where

α(s) =

g∑
n=0

An(D)q−ns, β(s) = q(1−2s)g and γ(s) =

g−1∑
n=0

An(D)q(s−1)n.

Then we have

L(µ)(s, χD) = α(µ)(s) +

µ∑
m=0

(
µ

m

)
β(µ−m)(s)γ(m)(s).

For any integer m ≥ 0, we also have

α(m)(s) = (ln q)m
g∑

n=0

(−n)mAn(D)q−ns, β(m)(s) = (−2g ln q)mq(1−2s)g

and

γ(m)(s) = (ln q)m
g−1∑
n=0

nmAn(D)q(s−1)n.

By combining the previous equations it follows that

L(µ)(s, χD)

(ln q)µ
=

g∑
n=0

(−n)µAn(D)q−ns + q(1−2s)g
µ∑

m=0

(
µ

m

)
(−2g)µ−m

g−1∑
n=0

nmAn(D)q(s−1)n

and

L(µ)( 1
2 , χD)

(ln q)µ
=

g∑
n=0

(−n)µAn(D)q−
n
2 +

µ∑
m=0

(
µ

m

)
(−2g)µ−m

g−1∑
n=0

nmAn(D)q−
n
2 .

�

Write

Soh,m(µ) =

h∑
n=0

nmq−
n
2

∑
f∈A+

n

∑
D∈H2g+1

χD(f)

for h ∈ {g − 1, g} and m ∈ {0, 1, . . . , µ}. Then, by (5.2), we can write

∑
D∈H2g+1

L(µ)( 1
2 , χD)

(ln q)µ
= (−1)µSog,µ(µ) +

µ∑
m=0

(
µ

m

)
(−2g)µ−mSog−1,m(µ).
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5.2. Averaging Soh,m(µ). In this subsection we obtain an asymptotic formula of Soh,m(µ).

Proposition 5.2. For h ∈ {g − 1, g} and m ∈ {0, 1, . . . , µ}, we have

Soh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
n=1

jm(n)
G(n)(1)

(− ln q)n
+O(|D| 78 (logq |D|)m).(5.3)

Proof. We split the sum over f with f being a perfect square of a polynomial or not. Then we have

Soh,m(µ) = Soh,m(µ)� + Soh,m(µ)6=�,

where

Soh,m(µ)� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f=�

∑
D∈H2g+1

χD(f)(5.4)

and

Soh,m(µ) 6=� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f 6=�

∑
D∈H2g+1

χD(f).(5.5)

For the contribution of non-squares, from (5.5) by using Lemma 4.1, we have

|Soh,m(µ) 6=�| �
h∑
n=0

nmq−
n
2

∑
f∈A+

n
f 6=�

∣∣∣∣ ∑
D∈H2g+1

χD(f)

∣∣∣∣
�

h∑
n=0

nmq−
n
2

∑
f∈A+

n

|D| 12 |f | 14 � |D| 78 (logq |D|)m.(5.6)

Now, we consider the contribution of squares. From (5.4), by using Lemma 4.2, we get

Soh,m(µ)� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f=�

∑
D∈H2g+1

(D,f)=1

1 =Mh,m(µ) +O(gmqgε|D| 12 ),(5.7)

where

Mh,m(µ) =
2m|D|
ζA(2)

[h2 ]∑
`=0

`mq−`
∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1.

By Lemma 4.5, we have

Mh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
n=1

jm(n)
G(n)(1)

(− ln q)n
+O(gmq−

g
2 |D|).(5.8)

By inserting (5.8) into (5.7), it follows that

Soh,m(µ)� =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
n=1

jm(n)
G(n)(1)

(− ln q)n
+O(gmq−

g
2 |D|).(5.9)

Finally, combining (5.6) and (5.9), we obtain the result. �
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5.3. Completing the proof. Recall that∑
D∈H2g+1

L(µ)( 1
2 , χD)

(ln q)µ
= (−1)µSog,µ(µ) +

µ∑
m=0

(
µ

m

)
(−2g)µ−mSog−1,m(µ).(5.10)

By (5.3) with h = g and m = µ, we have that

(−1)µSog,µ(µ) =
(−2)µ|D|
ζA(2)

(
G(1)Jµ([ g2 ]) +

G(µ)(1)

(− ln q)µ

)

− (−2)µ|D|
ζA(2)

µ+1∑
n=1

jµ(n)
G(n)(1)

(− ln q)n
+O(|D| 78 (logq |D|)µ).(5.11)

We also, by (5.3), have that

µ∑
m=0

(
µ

m

)
(−2g)µ−mSog−1,m(µ) =

2µ|D|
ζA(2)

µ∑
m=0

(
µ

m

)
(−g)µ−m

(
G(1)Jm([ g−12 ]) +

G(m)(1)

(− ln q)m

)

− 2µ|D|
ζA(2)

µ∑
m=0

(
µ

m

)
(−g)µ−m

m+1∑
n=1

jm(n)
G(n)(1)

(− ln q)n
+O(|D| 78 (logq |D|)µ).(5.12)

By inserting (5.11) and (5.12) into (5.10), we complete the proof.

�

6. Proof of Theorem 3.2

In this section we give a proof of Theorem 3.2.

6.1. µ-th derivative of L(s, χD) for D ∈ H2g+2. For D ∈ H2g+2, the approximate functional

equation for L(s, χD) ([15, Lemma 2.1]) gives us

L(s, χD) =
∑
f∈A+

≤g

χD(f)|f |−s − q−(g+1)s
∑
f∈A+

≤g

χD(f)

+ q(1−2s)gδ(s)
∑

f∈A+
≤g−1

χD(f)|f |s−1 − q−gsδ(s)
∑

f∈A+
≤g−1

χD(f),(6.1)

where δ(s) = 1−q−s

1−qs−1 .

Lemma 6.1. Let D ∈ H2g+2. For any integer µ ≥ 0, we have

L(µ)(s, χD)

(− ln q)µ
=

g∑
n=0

nµAn(D)q−ns − (g + 1)µq−(g+1)s

g∑
n=0

An(D)

+ q(1−2s)g
∑

a+b+c=µ

µ!

a!b!c!

(2g)aδ(b)(s)

(− ln q)b

g−1∑
n=0

(−n)cAn(D)qn(s−1)

− q−gs
µ∑

m=0

(
µ

m

)
gµ−mδ(m)(s)

(− ln q)m

g−1∑
n=0

An(D),

where An(D) =
∑
f∈A+

n
χD(f). In particular, we also have

L(µ)( 1
2 , χD)

(− ln q)µ
=

g∑
n=0

nµAn(D)q−
n
2 − (g + 1)µq−

g+1
2

g∑
n=0

An(D)

+
∑

a+b+c=µ

µ!

a!b!c!

(2g)aδ(b)( 1
2 )

(− ln q)b

g−1∑
n=0

(−n)cAn(D)q−
n
2

− q−
g
2

µ∑
m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m

g−1∑
n=0

An(D).(6.2)
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Proof. By (6.1), we can write

L(s, χD) = L1(s)− L2(s) + L3(s)− L4(s),

where

L1(s) =

g∑
n=0

An(D)q−ns,

L2(s) = q−(g+1)s

g∑
n=0

An(D),

L3(s) = q(1−2s)gδ(s)

g−1∑
n=0

An(D)qn(s−1),

L4(s) = q−gsδ(s)

g−1∑
n=0

An(D).

For any integer µ ≥ 0, we have

L
(µ)
1 (s)

(− ln q)µ
=

g∑
n=0

nµAn(D)q−ns,

L
(µ)
2 (s)

(− ln q)µ
= (g + 1)µq−(g+1)s

g∑
n=0

An(D),

L
(µ)
3 (s)

(− ln q)µ
= q(1−2s)g

∑
a+b+c=µ

µ!

a!b!c!

(2g)aδ(b)(s)

(− ln q)b

g−1∑
n=0

(−n)cAn(D)qn(s−1),

L
(µ)
4 (s)

(− ln q)µ
= q−gs

µ∑
m=0

(
µ

m

)
gµ−mδ(m)(s)

(− ln q)m

g−1∑
n=0

An(D).

Hence, we get

L(µ)(s, χD)

(− ln q)µ
=

g∑
n=0

nµAn(D)q−ns − (g + 1)µq−(g+1)s

g∑
n=0

An(D)

+ q(1−2s)g
∑

a+b+c=µ

µ!

a!b!c!

(2g)aδ(b)(s)

(− ln q)b

g−1∑
n=0

(−n)cAn(D)qn(s−1)

− q−gs
µ∑

m=0

(
µ

m

)
gµ−mδ(m)(s)

(− ln q)m

g−1∑
n=0

An(D).

In particular, for s = 1
2 , it follows that

L(µ)( 1
2 , χD)

(− ln q)µ
=

g∑
n=0

nµAn(D)q−
n
2 − (g + 1)µq−

g+1
2

g∑
n=0

An(D)

+
∑

a+b+c=µ

µ!

a!b!c!

(2g)aδ(b)( 1
2 )

(− ln q)b

g−1∑
n=0

(−n)cAn(D)q−
n
2

− q−
g
2

µ∑
m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m

g−1∑
n=0

An(D).

�

Write

Seh,m(µ) =

h∑
n=0

nmq−
n
2

∑
f∈A+

n

∑
D∈H2g+2

χD(f)
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and

Th(µ) = q−
h+1
2

h∑
n=0

∑
f∈A+

n

∑
D∈H2g+2

χD(f)

for h ∈ {g − 1, g} and m ∈ {0, 1, . . . , µ}. Then, by (6.2), we can write∑
D∈H2g+2

L(µ)( 1
2 , χD)

(− ln q)µ
= Seg,µ(µ)− (g + 1)µTg(µ)

+
∑

a+b+c=µ

(−1)cµ!

a!b!c!

(2g)aδ(b)( 1
2 )

(− ln q)b
Seg−1,c(µ)

−
µ∑

m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m
Tg−1(µ).

6.2. Averaging Seh,m(µ). In this subsection we obtain an asymptotic formula of Seh,m(µ).

Proposition 6.2. For h ∈ {g − 1, g} and m ∈ {0, 1, . . . , µ}, we have

Seh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
a=1

jm(a)
G(a)(1)

(− ln q)a
+O(|D| 78 (logq |D|)m).(6.3)

Proof. We can write Seh,m(µ) = Seh,m(µ)� + Seh,m(µ)6=�, where

Seh,m(µ)� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f=�

∑
D∈H2g+2

χD(f)(6.4)

and

Seh,m(µ) 6=� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f 6=�

∑
D∈H2g+2

χD(f).(6.5)

For the contribution of non-squares, from (6.5) by using Lemma 4.1, we have

|Seh,m(µ)6=�| �
h∑
n=0

nmq−
n
2

∑
f∈A+

n
f 6=�

∣∣∣∣ ∑
D∈H2g+2

χD(f)

∣∣∣∣
�

h∑
n=0

nmq−
n
2

∑
f∈A+

n

|D| 12 |f | 14

� |D| 78 (logq |D|)m.(6.6)

Now, we consider the contribution of squares. From (6.4), by using Lemma 4.2, we get

Seh,m(µ)� =

h∑
n=0

nmq−
n
2

∑
f∈A+

n
f=�

∑
D∈H2g+2

(D,f)=1

1 =Mh,m(µ) +O(gmqgε|D| 12 ),(6.7)

where

Mh,m(µ) =
2m|D|
ζA(2)

[h2 ]∑
`=0

`mq−`
∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1.
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By Lemma 4.5, we have

Mh,m(µ) =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
a=1

jm(a)
G(a)(1)

(− ln q)a
+O(gmq−

g
2 |D|).(6.8)

By inserting (6.8) into (6.7), it follows that

Seh,m(µ)� =
2m|D|
ζA(2)

(
G(1)Jm([h2 ]) +

G(m)(1)

(− ln q)m

)
− 2m|D|

ζA(2)

m+1∑
a=1

jm(a)
G(a)(1)

(− ln q)a
+O(gmq−

g
2 |D|).(6.9)

Finally, combining (6.6) and (6.9), we obtain the result. �

6.3. Averaging Th(µ). In this subsection we obtain an asymptotic formula of Th(µ).

Lemma 6.3. For h ∈ {g − 1, g}, we have

Th(µ) = G(1)|D|q[h2 ]−
h+1
2 +O(|D| 78 (logq |D|)).(6.10)

Proof. We can write Th(µ) = Th(µ)� + Th(µ)6=�, where

Th(µ)� = q−
h+1
2

h∑
n=0

∑
f∈A+

n
f=�

∑
D∈H2g+2

χD(f)(6.11)

and

Th(µ) 6=� = q−
h+1
2

h∑
n=0

∑
f∈A+

n
f 6=�

∑
D∈H2g+2

χD(f).(6.12)

For the contribution of non-squares, from (6.12) by using Lemma 4.1, we have

|Th(µ) 6=�| � q−
h+1
2

h∑
n=0

∑
f∈A+

n
f 6=�

∣∣∣∣ ∑
D∈H2g+2

χD(f)

∣∣∣∣
� q−

h+1
2

h∑
n=0

∑
f∈A+

n

|D| 12 |f | 14 � |D| 78 (logq |D|).(6.13)

Now, we consider the contribution of squares. From (6.11), by using Lemma 4.2, we get

Th(µ)� = q−
h+1
2

h∑
n=0

∑
f∈A+

n
f=�

∑
D∈H2g+2

(D,f)=1

1 = Nh(µ) +O(gqgε|D| 12 ),(6.14)

where

Nh(µ) =
|D|
ζA(2)

q−
h+1
2

[h2 ]∑
`=0

∑
L∈A+

`

∏
P |L

(1 + |P |−1)−1.

By Lemma 4.6, we have

Nh(µ) = G(1)|D|q[h2 ]−
h+1
2 +O(g|D| 34 ).(6.15)

By inserting (6.15) into (6.14), we get that

Th(µ)� = G(1)|D|q[h2 ]−
h+1
2 +O(g|D| 34 ).(6.16)

Finally, combining (6.14) and (6.16), we obtain the result. �
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6.4. Completing the Proof. Recall that∑
D∈H2g+2

L(µ)( 1
2 , χD)

(− ln q)µ
= Seg,µ(µ)− (g + 1)µTg(µ)

+
∑

a+b+c=µ

(−1)cµ!

a!b!c!

(2g)aδ(b)( 1
2 )

(− ln q)b
Seg−1,c(µ)

−
µ∑

m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m
Tg−1(µ).(6.17)

Then, by (6.3), we have

Seg,µ(µ) =
2µ|D|
ζA(2)

(
G(1)Jµ([ g2 ]) +

G(µ)(1)

(− ln q)µ

)

− 2µ|D|
ζA(2)

µ+1∑
n=1

jµ(n)
G(n)(1)

(− ln q)n
+O(|D| 78 (logq |D|)µ)(6.18)

and ∑
a+b+c=µ

(−1)cµ!

a!b!c!

(2g)aδ(b)( 1
2 )

(− ln q)b
Seg−1,c(µ)

=
2µ|D|
ζA(2)

∑
a+b+c=µ

(−1)cµ!

a!b!c!

gaδ(b)( 1
2 )

(−2 ln q)b

(
G(1)Jc([

g−1
2 ]) +

G(c)(1)

(− ln q)c

)

− 2µ|D|
ζA(2)

∑
a+b+c=µ

(−1)cµ!

a!b!c!

gaδ(b)( 1
2 )

(−2 ln q)b

c+1∑
n=1

jc(n)
G(n)(1)

(− ln q)n

+O(|D| 78 (logq |D|)µ).(6.19)

Now, by (6.10), we also have

(g + 1)µTg(µ) = (g + 1)µG(1)|D|q[
g
2 ]−

g+1
2 +O(|D| 78 (logq |D|)µ)(6.20)

and
µ∑

m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m
Tg−1(µ)

= G(1)|D|q[
g−1
2 ]− g

2

µ∑
m=0

(
µ

m

)
gµ−mδ(m)( 1

2 )

(− ln q)m
+O(|D| 78 (logq |D|)µ).(6.21)

By inserting (6.18), (6.19), (6.20) and (6.21) into (6.17), we complete the proof.

7. A Remark on the derivatives of G(s)

Recall that

G(s) =
∑
L∈A+

µ(L)

|L|s
∏
P |L(1 + |P |)

.

By expressing G(s) as an Euler product, we obtain that

G(s) =
∏
P

(
1− 1

|P |s(1 + |P |)

)
.(7.1)

Taking logarithmic derivative in (7.1), we have

G′(s)

− ln q
= G(s)H1(s),(7.2)
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where

H1(s) =
∑
P

deg(P )

1− |P |s(|P |+ 1)
.

For any integer n ≥ 1, let

Hn+1(s) =
H ′n(s)

− ln q
.

Let G be the set of finite sums of finite product of G(s), H1(s), H2(s), . . .. Define an operator ϕ by

ϕ(G(s)) = G(s)H1(s) and ϕ(Hn(s)) = Hn+1(s) for any n ≥ 1. Extend ϕ to G by the rules that

ϕ(A+B) = ϕ(A) + ϕ(B) and ϕ(AB) = ϕ(A)B +Aϕ(B) for any A,B ∈ G. For example,

ϕ(G(s)) = G(s)H1(s) =
G′(s)

− ln q
,

ϕ2(G(s)) = G(s)
(
H1(s)2 +H2(s)

)
=

G′′(s)

(− ln q)2
,

ϕ3(G(s)) = G(s)(H1(s)3 + 3H1(s)H2(s) +H3(s)) =
G(3)(s)

(− ln q)3
.

Inductively, we can show that

ϕn(G(s)) =
G(n)(s)

(− ln q)n
(7.3)

for any integer n ≥ 1.

For any monic irreducible polynomial P , let fP (s) = |P |s(|P |+1). We present below the function

Hn(s) for a few values of n as this illustratesthe complexity of this function.

H1(s) =
∑
P

deg(P )

1− fP (s)
,

H2(s) = −
∑
P

deg(P )2fP (s)

(1− fP (s))2
,

H3(s) =
∑
P

deg(P )3fP (s)(1 + fP (s))

(1− fP (s))3
,

H4(s) = −
∑
P

deg(P )4fP (s)(1 + 4fP (s) + fP (s)2)

(1− fP (s))4
,

H5(s) =
∑
P

deg(P )5fP (s)(1 + 11fP (s) + 11fP (s)2 + fP (s)3)

(1− fP (s))5
.
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