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In Lecture 2 we touched upon the subject of average value theorems in
A=TF,[T].

The technique which we used goes back to Carlitz and it is based on
Dirichlet series.

The zeta function of A is so simple that it was possible to arrive at very
precise results for the average values in question.

We consider average values of the generalizations of some elementary
number-theoretic functions in the case of global function fields.

For global function fields K the zeta function is more complicated and
the mean values also becomes a little more complicated.
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divisors. We explicitly include the zero divisor as an element of Dj;. Let
f : D) — C be a function and define

o= Y 1D, (1)

+
DEDK

the Dirichlet series associated to f.

When we use D as a summation variable, it will be assumed that the sum is

over D in D; with, perhaps, some other restrictions.
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In the last lecture we investigated the function by(K), the number of effective
divisors of K with degree N. We showed that if N > 2g — 2 (where g is the
genus of K)

N—g+1
q -1
by(K) =h
W(K) = b
Definition
Let f : D} — C be a function. The average value of f is defined to be
f(D
Ave(f) = lim 72‘@@:’\/ (P) = lim L(N) ,
N—oo ZdegD:N 1 N—oo bN(K)

provided the limit exists.
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Theorem

Let f : D — C be given and suppose (¢(s) converges absolutely for R(s) > 1
and is holomorphic on {s € B : fi(s) = 1} except for a simple pole at s =1
with residue o«. Then, there is a § < 1 such that

F(N)= ) f(D)=alog(q)g" + O(a"").

If C¢(s) — 25 is holomorphic in R(s) > §', then the error term can be replaced

with O(q‘s/ M.
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d < 1 such that Z¢(u) is holomorphic on the disk {u eC:jul < q";} except

for the simple pole at u = g~ . Let C be the boundary of this disk oriented
counterclockwise and let C, be a small disc about the origin of radius e < g~*.
Orient C. clockwise, and consider the integral

Z
iz,
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By the Cauchy integral formula, this equals to sum of the residues of
Z¢(u)u=N"? between the two circles. There is only one pole at u = g~
the residue there is

! and

N

|
lo8(@)  gwer —alog(q)q".

q
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On the other hand, using the power series expansion of Z¢(u) about u =0, we
see
1 [ ZWw
2mi [ ulN+t

du = —F(N).

It follows that
1 Zs(u
F(N) = alog(q)g" + =— qu(H) du.
c

2mi

Let M be the maximum value of |Z¢(u)| on the circle C. The integral in the
last formula is bounded by Mq®N, which completes the proof of the first
assertion of the theorem.

To prove the last part, we may assume §' < 1 since otherwise the error term
would be the same size or bigger than the main term. If {¢(s) — a/(s—1) is
holomorphic for R(s) > §', then Z¢(u) is holomorphic on the disc

{uE(C:|u|§q*5/ !
repeat the above proof with the role of the circle C being replaced by the circle
c :{UE(C:|u|:q*5/

except for a simple pole at u = g ~. In that case we can

}. The result follows.
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Definition
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Let f: D; — C be the characteristic function of the square-free effective

divisors. Then F(N) =" degp—n T (D) is the number of square-free effective
divisors of degree N. Given € > 0, we have

1 hik

_ N (3+on
= @ 1)qr + Oc(g'a™9™).

F(N)

Moreover, Ave(f) = PO
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hk
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It follows that @ = px/Ck(2). Substituting this information into equation

(1.4)

PK =

above completes the proof of the first assertion of the proposition.
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To prove the second assertion recall that Ave(f) = limy_o F(N)/bn(K) and
that for all N > 2g — 2, by(K) = hx(q" 8™ —1)/(q — 1).

By the first part of the proposition we find, for N in this range,

F(N) 1 4" (2 +aw
bu(K) ~ cr@) i1 T O )

Now, simply pass to the limit as NV tends to oo.
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It is relatively easy to check that (4(s) = ¢k (s)?. This function has a double
pole at s = 1 so the Tauberian theorem doens’'t immediately apply. Moreover,
it is hard to imagine any simple trick reducing us to the condition of that
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Theorem

Let f : D} — C and let (¢(s) be the corresponding Dirichlet series. Suppose
this series converges absolutely in the region R(s) > 1 and is holomorphic in
the region {s € B : R(s) = 1} except for a pole of order r at s = 1. Let

a = lims1(s — 1)"¢e(s). Then, there is a § < 1 and constants c_; with

1 < < r such that

- N - N+i—1 i 5N
F(N)= Y f(D)=gq (Z( o )(—q)> +0(¢™).
degD=N i=1

The sum in parenthesis is a polynomial in N of degree r — 1 with leading term

log(q)" AN

(r—1)!



Proof of the Theorem
As in the proof of the Tauberian theorem, we can find a 6 < 1 such that Z¢(u)
is holomorphic on the disc {u eC:|u < q"s}. We again let C be the
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The Laurent series for Z¢(u) has the form

oo

Zi(u) = Z c(u—q "), with c_, # 0.

i=—r
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Continuation of the Proof

Finally, we must prove the assertion about the term in parenthesis. First of all,
it is clear that when k > 0, (N:k) is a polynomial in N of degree k, and that its

leading term is k!"*N¥. Thus the sum in parenthesis is a polynomial in N of
degree r — 1 and its leading term is

C—r rar—1
—(—q)'N"".
o9
It remains to relate aw = lims—1(s — 1)"¢¢(s) to c—,. This relationship follows
from the calculation
c, = lim (u—q ") Z(uv)
u—q—1
_s N r
- (qd°—q ; log(q)
;n( - )(s ) Gi(s) ( ! )a (15)

Substitute this expression for c_, into the previous expression for the leading
term of the sum in parentheses and we arrive at

lOg(q)r r—1
-l

for the leading term. This completes the proof.
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AW ~ 2B g

Proof.

This is immediate from the theorem.
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Proposition

Let K/F be a global function field and d(D) the divisor function on the
effective divisors. Then, there exist constants ux and Ak such that for fixed
€ > 0 we have

Y d(D) = " (kN + k) + Oc(q™).

degD=N

More explicitly, A\x = hxq*~%6(q — 1)2.
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We have already seen that (4(s) = Cx(s)?, a function which has a double pole
at s = 1 and is otherwise holomorphic for fR(s) > 0. Choose ¢ > 0. Notice that
lims_y1(s — 1)%Ck(s)?® = px. Applying the previous theorem we find there are
constants Ak and pk such that

> d(D)=q" (N + i) + Oc(q™).

degD=N

Applying the formula for the leading term of the polynomial in the parenthesis
given in the statement of the previous theorem, we find

_ log(q)"  log(q)® » hic
M=o T T KT (g1

This finishes the proof.
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function fields.

We will present a function-field version of the classical
Selberg's sieve.

Would be interesting to work out all the other sieve methods
(as those presented in the book of A. Cojocaru and R. Murty
and/or the book of Friedlander and lwaniec) in the Fgq[x]
setting or even for more general global function fields K /F.
But we don’t do this here.

Let us start by remembering the classical Selberg sieve.
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The Classical Selberg's Sieve

Let A be any finite set of elements and P be a set of primes. For each prime
p € P, let A, be a subset of .A. We denote by d squarefree numbers composed
of primes of P. Let A; := A and for squarefree integers d composed of primes
of P, let Ay := Ny)gAp. Let z be a positive real number and set

P(z) := H p.

peEP
p<z

Denote by S(A, P, z) the number of elements of

AN Up|p(z) Ap-

Theorem (Selberg's sieve, 1947)

We keep the above setting and assume that there exist X > 0 and a
multiplicative function f(-) satisfying f(p) > 1 for any prime p € P, such that
for any squarefree integer d composed of primes of P we have

#Aq = % + Ry (2.1)

for some real number Ry.
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Continuation Selberg's sieve

We write

f(n) = fi(d) (2.2)
d|

for some multiplicative function fi(-) that is uniquely determined by f by using
the M&bius inversion formula; that is,

fi(n) = > u(d)f(n/d).
d|

Also, we set

Then

X
S(A,P,z) < +0| Y [Raal

dy,dr<z
d1,dp|P(2)
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Let Fq[x] be the polynomial ring over Fq.

Let A, B,... denote monic polynomials in Fq[x]. And P a monic irreducible
polynomal.

We will prove a fairly general k-residue form of Selberg's sieve for Fq[x] similar
to that found in Halberstam and Roth.

Let
A= {A17A27"'7An}7

P:{Pl,PQ,...,Pr}; P,'7£Pj
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D € D implies every divisor of D is also in D.

With each P; we associate k; residue class Ri1, ..., Ri, modulo P;. Let
S = {Aj € A: Ajis in none of the classes R} and |S| be the number of
elements in S.

Let o(A) = [] Pi where the product is over those P; for which A is in one of
the residue classes R, the empty product being 1.

Now let f be a multiplicative function defined on the divisors of [[(P)

satisfying
1< f(P) <|P|=q**®, (2.3)

Z 1= ﬁ + Rp. (2.4)

Dla(A))
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Let C denote the class of all functions s representable in the form
s(A)= Y _ A(D), (2.5)
Dlo(A)

where X is a real valued function. The characteristic function of S, s, is in C
taking A to be the Mébius function. Hence,

n

S1=2_s °’AFZZ

j=1 j=1 D|o

Let C) and C(7) denote the subclasses of C whose elements satisfy
respectively,

s 4) > s9(A) with equality if o(A) =1, (2.6)
s((A) < sO(A) with equality if o0(A) = 1. (2.7)

C and C™) are closed with respect to multiplication, and (7 is not.
If s1 € C™) and 5,C) then we clearly have

n n

Y os(a)<c <> s(Ay). (238)

=t j=1
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real variable Xp. Consider all sets of values of

X={Xp:DeD, X =1}.

To each set of values X there corresponds a function

= ( > XD>2‘ (2.9)

DED
Dlo(A)

Then s; € CT with

)‘1(D) = Z X91XD27

Dy,D,€D
lem(Dy,D;)=D

and A\(D) = 0 outside the set

D* ={D: D =lecm(D:,D,); D1,D, € D}. (2.10)
Now

S| < Y alA)= Y aD) Y1 (211)

j=1 o[ ] Dlaj(Aj)
<

/\1(D)
Y Tyt
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Define the function g by
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We are now ready to estimate > . A1(D)/f(D).
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—1

. (D) 1 1

inf = - =Q

% DZ* © | 2 5o
€D DeD

and this lower bound is attained when

_ W(D)F(D) —~ 1
Xo =220 2 5oy

Ccep
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Let
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5 f(D)

then

A1(D)
Z f(D) ZfD) Z Xo1 Xp,

DeD* DeD* Dy1,D,eD
lem(Dy,D7)=D
_ XD1XDz
- Z _ F(D)F(D) 2. &)
Cl(Dy,D2)
2
= Zg(6)<2xo/f(o)> = g(C)ve
CeD C|D CeD
DeD

= Y (O u(OQ P+ @
g(C)

ceD

The result follows by setting the quantity in braces equal to zero.
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have the following form of the function-field Selberg's sieve.

Theorem (Selberg's sieve)

n
‘S| < 6 + Z |XD1XD2R[DLD2]|7

Dy,D,eD

where [| denotes the lcm.

Proof.

By Lemma 1 and the previous estimate on |S| (2.11) we have
n
S| < < +E,
SI< 5

where

E = E [A1(D)Rp| = E E Xp, Xp, Rp
DeD* DeD* | D1,D,eD
[D1,D,]=D

IA

Z | X, Xp, Ripy 5]
Dy,D,eD

which proves the theorem.

. We then

(2.16)
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degree m which are congruent to L modulo K. We assume (L, K) =1,
degK = k < m and degl < k. L need not be monic.

We take
A={L+ AK : degA = m — k}

and
P:{P:degpg E} ,PfK}

so P contains only irreducible polynomials. Also, take (D) = |D|. It is easily
checked that |Rp| < 1.

The set D is defined by

D= {D D [[(P) and D] < q<m—k>/4}.
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With D thus defined,

degP<(m—k)/4

where ¢; are constants, and ®(K) is Euler's ® function defined for Fq[x].
Also the error term is quite small, E = O(mzq(’"’k)/z).

The previous estimates are obtained by using variations of the standard
techniques used on similar expressions involving the rational integers.



Thus by Selberg's sieve theorem we have

Theorem

m—k m
m(m K,L)=1|S| <c 9" |K] =c q

O(K)(m—k)  ~O(K)(m— k)’



Thus by Selberg's sieve theorem we have

Theorem

B "MKl q”
m(m, K, L) =S| < Cd)(K)(m* k) Cd)(K)(mf k)’

This result is not as powerful as the “prime number theorem” for Fq[x] when
degree of K is small. This is particularly true since the Riemann hypothesis is
known to be true. But the above theorem is still effective when k is almost as

large as m, and of course is essentially elementary.
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Brun’'s theorem

Let K be a fixed polynomial, not necessarily monic and let N'(n, K) be the
number of monic irreducibles polynomials P of degree < n, such that P + K is
also irreducibe.

We take n > degK. Letting

A ={A(A+ K) : degA < n},

P:{P:dengngK}

and (D) = |D|/a(D) where a(D) is the number of solutions of
A(A+ K) = 0(mod D). Clearly a( D) = 2¢®), where w(D) denotes the
number of distinct irreducibles dividing D, for D | [[(?). We find by routine
calculation that D)
< =

Rel = £0)
Letting D = {D :D|[](P) and |D| < N1/4} where
N = |A| = (¢"™ — q)/(q — 1), and applying the Selberg’s sieve theorem we

have
N 1\
S1< g+ N (1 - f(P)) . (2.18)
Pep
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where ¢, depends on K.



Now

_ 1 a(D) 2+(D)
Q= Xz o - 2 o
DeD DeD |D|<NY/4
(DK)=1
2 —1
> a 1- — > ¢ log? N
> ()
|P|<Nt/4
PIK

where ¢, depends on K. Since [], (1 —1/f(P))~? < log" N, from (2.18) we
obtain

N
IS < C3|og72N' (2.19)
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Now S contains irreducibles P such that P + K is also irreducible and
n/2 < degP < n. Thus

N(n,K) = |S| 4+ #{P irreducible : P + K irreducible, degP < n/2}

Hence by (2.19) we have

N(n,K) <
(n )_C3|og2N

Thus we have proved

Theorem
If N'(n, K) is the number of monic irreducibles polynomials P of degree < n
such that P + K is also irreducible, then

N(n K) < L (2.20)
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Now S contains irreducibles P such that P + K is also irreducible and
n/2 < degP < n. Thus

N(n,K) = |S| 4+ #{P irreducible : P + K irreducible, degP < n/2}

Hence by (2.19) we have

N(n,K) <
(n )_C3|og2N

Thus we have proved

Theorem
If N'(n, K) is the number of monic irreducibles polynomials P of degree < n
such that P + K is also irreducible, then

N(n,K) < CZ—Z. (2.20)

Corollary

> 1/|P| converges, where the summation is over all monic irreducibles P such
that P + K is also irreducible.
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