Analytic Number Theory in Function Fields
(Lecture 5)

Julio Andrade

j.c.andrade.math@gmail.com
http://julioandrade.weebly.com/

University of Oxford

TCC Graduate Course
University of Oxford, Oxford
01 May 2015 - 11 June 2015


http://julioandrade.weebly.com/

Content
@ Introduction
@ Background on Dirichlet characters and L-functions
© The explicit formula
O Averaging over Hogi24
@ Beurling-Selberg functions
@ Counting functions
@ Quadratic Characters
@ Expected value
© A sum over primes

Computing <(Tf<c>2>
Bounding <\T,'<F - TE|2>
Bounding <\5§ — Tfﬂ2>
@ Higher moments of T
@ Conclusion



Introduction

We will study fluctuations in the distribution of zeros of zeta functions of
a family of hyperelliptic curves over F.

According to the R.H. for curves, the zeros lie on a circle. Their angles
are uniformly distributed.

For a curve of genus g a fixed interval Z will contain asymptotically 2g|Z]
angles as the genus grows.

We show that the variance of number of angles in Z is asymptotically
(2/7%) log(2¢|Z]).

We prove a central limit theorem: the normalized fluctuations are
Gaussian.



Let C be a smooth, projective, geometrically connected curve of genus g > 1
defined over F,. The zeta function of the curve is defined as

Zc(u) :=exp (Z N,,f) , lul <1/q (1.1)

where N, is the number of points on C with coefficients in an extension Fg» of
Fq of degree n.
The zeta function is a rational function of the form

_ Pc(u)
(1= u)(1—qu)

where Pc(u) € Z[u] is a polynomial of degree 2g, with P(0) = 1, and satisfies
the functional equation

Zc(u) (1.2)

Pe(u) = (qu)*Pc (;)

and has all its zeros on the circle |u| = 1/,/q (this is the Riemann hypothesis

for curves).



There is a unitary symplectic matrix ©¢ € USp(2g), defined up conjugacy, so
that

Pc(u) = det(l — u\/aec).

The eigenvalues of ©¢ are of the form e*™0ci, j=1,...,2g.

Our goal is to study the statistics of the set of angles {6} ¢} as we draw C at
random from a family of hyperelliptic curves of genus g defined over F, where
q is assumed to be odd.

The family, denoted by Hag2,4, is that of curves having an affine equation of
the form y? = Q(x), with Q € F4[x] a monic, square-free polynomial of degree
2g + 2. The corresponding function field is called a real quadratic function field.

The measure on Hagi2,4 is simply the uniform probability measure on the set of
such polynomials Q.



A fundamental statistic is the counting function of the angles. Thus for an
interval Z = [-£, 2] (which may vary with the genus g or with g), let

Nz(C) =#{j: 0jc € I}

The angles are uniformly distributed as g — oo: For fixed Z,
Nz(C) ~ 2g|Z] .

We wish to study the fluctuations of Nz as we vary C in Hagi2,4. This is in
analogy to the work of Selberg, who studied the fluctuations in the number
N(t) of zeros of the Riemann zeta function ((s) up to height t. By the
Riemann-von Mangoldt formula,

N(t) = Elg—wt +S(t)+0()

with S(t) = £ arg((3 + it). Selberg showed that the variance of S(t), for t
picked uniformly in [0, T], is ﬁ loglog T, and that the moments of

S(t)/+/ ﬁ log log t are those of a standard Gaussian.



Katz and Sarnak showed that for fixed genus, the conjugacy classes

{©c¢ : C € Hog12,4} become uniformly distributed in USp(2g) in the limit

g — oo of large constant field size. In particular the statistics of Nz are the
same as those of the corresponding quantity for a random matrix in USp(2g).

That is, if U € USp(2g) is a unitary symplectic matrix, with eigenvalues
e2mioiv), j=1,...,2g, set

Nz(U) = #{j: 6,(V) € T}
Then the work of Katz and Sarnak gives

lim Proba,,., , (Nz(C) = k) = Probusp(ag) (/T/I(U) - k) (1.3)

q—o0



In the limit of large matrix size, the statistics of NI(U) and related quantities,
such as the logarithm of the characteristic polynomial of U, have been found to
have Gaussian fluctuations in various ensembles of random matrices. In
particular, when averaged over USp(2g), the expected value of N, is 2g|Z|, the
variance is % log(2g|Z|) and the normalized random variable

(NI —2g|Z])/+/ = log(2g|Z]) has a normal distribution as g — oo.

Moreover this holds for shrinking intervals, that is if we take the length of the
interval |Z| — 0 as g — oo as long as the expected number of angles tends to
infinity (“mesoscopic” regime), that is as long as 2g|Z| — co. Thus (1.3)
implies that for the iterated limit limg— o0 (limg—oc) we get a Gaussian
distribution:

N —2g|T b
lim lim Proby,, ., | a< M <b = i/ o2y
g—00 \ g7 ’ = log(2g|Z)) V2r /.,



In this lecture we will study these problems for a fixed constant field Fq in the
limit of large genus g — oo, that is without first taking ¢ — oo, which was
crucial to the approach of Katz and Sarnak. We will show that as g — oo, for
both the global regime (|Z]| fixed) and the mesoscopic regime (|Z| — 0 while
2g|Z| — o0), the expected value of Nz is 2g|Z|, the variance is asymptotically
2 log(2g|Z]) and that the fluctuations are Gaussian, that is for fixed a < b,

. Nz —2g|Z| 1 /b —x2/2
lim Proby a< —=— __<b| =—— e dx 1.4
g—00 26+2.9 ( % log(2g|Z]) V27 R (1.4)

Our argument hinges upon the fact that Pc(u) is the L-function attached to a
quadratic character of F4[x]. Thus for Q monic, square free, of degree 2g + 2
the quadratic character x ¢ is defined in terms of the quadratic residue symbol
as xo(f) = (%) The associated L-function is

L£(u,xq) = [ J(1 = xo(u)u™s")~
P
the product taken over all monic irreducible polynomials P € Fq4[x]. Then

Pc(u) = (1 —u) "' L(u, xq)
as was found in E. Artin’s thesis. Thus one may tackle the problem using
Selberg’s original arguments adapted to the function field setting. Instead we

follow a quicker route, via the explicit formula, used recently by Hughes, Ng

and Soundararajan.



An important challenge is to investigate the local regime, when the length of
the interval is of order 1/2g as g — co. Due to the Central Limit Theorem for
random matrices, we may rewrite (1.4) as

Nz —2g|T
lim Probs,, ,, | a< ;—gH <b
gr00 = log(2g|Z])

Nz — 2g|T
— lim Probyspg) | @ < f—g” <b| (15)
g0 7= log(2¢(Z1)

and ask if (1.5) remains valid also for shrinking intervals of the form Z = i

where J is fixed, when the result is no longer a Gaussian. An equivalent form

of (1.5) was conjectured in Katz-Sarnak.



We review some generalities about Dirichlet L-functions for the rational
function field.

The norm of a nonzero polynomial f € Fy[x] is defined as ||f|| = q®&". The
zeta function of the rational function field is

Gls):=TJa-1PI™)" Ris)>1

the product over all irreducible monic polynomials (“primes”) in Fg[x]. In terms
of the more convenient variable

—s

u=gq
the zeta function becomes
Z(uy =[] - """, Jul<1/q.
P

By the fundamental theorem of arithmetic in Fq[x], Z(u) can be expressed as a
sum over all monic polynomials:

Z(U) — Z udegf
f monic

and hence
1

1—qu’

Z(u) =



Given a monic polynomial Q € F,[x], a Dirichlet character modulo Q is a
homomorphism

X (Fqlx]/ QFq[x])* — C*
A character modulo Q is primitive if there is no proper divisor Q of Q and
some character ¥ mod Q so that x(n) = §(n) whenever ged(n, Q) = 1.
For a Dirichlet character x modulo @ of Fq[x], we form the L-function

L(ux) = [[@ = x(Pyu*=f) (2.1)

P

(convergent for |u| < 1/q), where P runs over all monic irreducible
polynomials. It can be expressed as a series

Lu,x) =Y x(fu's’ (2.2)
f

where the sum is over all monic polynomials. If x is nontrivial, then it is easy
to show that
Z x(f)=0, n>degQ
deg f=n

and hence the L-function is in fact a polynomial of degree at most deg Q@ — 1.



One needs to distinguish “even” characters from the rest, where “even” means
Xx(cH) = x(H), Ve € F;. The analogue for ordinary Dirichlet characters is
x(—1) = 1. For even characters, the L-function has a trivial zero at u = 1.
We assume from now on that deg @ > 0 and that x is primitive. One then
defines a “completed” L-function

L, x) = (1= Xoo(x)u) " L(u, x)

where Aoo(x) =1 if x is “even”, and is zero otherwise. The completed
L-function L£*(u, x) is then a polynomial of degree

D =degQ—1— Ao(x)

and satisfies the functional equation
* * 1 —
L (u,x) = e(x)(a"?u)°L (a,x B
with |e(x)| = 1. We express L*(u, x) in term of its inverse zeros as

D

L) = [ = ajw) - (2.3)

Jj=1



The Riemann Hypothesis in this setting, proved by Weil, is that all
laj x| = 1/q. We may thus write

Qo = /G (24)

for suitable phases 6, € R/Z. As a consequence, for any nontrivial character,

not necessarily primitive, the inverse zeros of the L-function all have absolute
value \/q or 1.



Lemma

Let x be a non-trivial Dirichlet character modulo f. Then for n < deg f,

< (deg f— 1> qn/2
n

(the sum over all monic polynomials of degree n).

Proof.

> x(B)

deg B=n

Indeed, all we need to do is compare the series expansion (2.2) of L(u, x),

which is a polynomial of degree at most deg f — 1, with the expression in terms

of the inverse zeros:

deg f—1

S )= ] - au)

0<n<degf deg B=n

to get
S = Y e
deg B=n sc{1,..., deg f—1} jES
#S=n

and then use |oj| < /4.

Note that for n > deg f the character sum vanishes.



We assume from now on that g is odd. Let P(x) € F4[x] be monic and
irreducible. The quadratic residue symbol (g) € {£1} is defined for f coprime

to P by
(i) = fHP!i1 mod P .
P
For arbitrary monic Q, the Jacobi symbol (é) is defined for f coprime to Q by
writing Q@ = [ [ P; as a product of monic irreducibles and setting

(5)-T1(4)

If £, Q are not coprime we set (é) = 0. If c € Fy is a scalar then

(é) :C‘%ldego_ (2.5)

The law of quadratic reciprocity asserts that if A, B € Fq[x] are monic and
coprime then

(2) _ (g) (1)t denades _ (%) (—1) (2.6)

This relation continues to hold if A and B are not coprime as both sides vanish.




Given a square-free Q € Fq[x], we define the quadratic character xq by

xo(f) = (2)

If deg Q is even, this is a primitive Dirichlet character modulo Q. Note that by
virtue of (2.5), xq is an even character (that is trivial on scalars) if and only if
deg Q is even.

It is important for us that the numerator Pc(u) of the zeta function (1.2) of
the hyperelliptic curve y? = Q(x) coincides with the completed Dirichlet
L-function L£*(u, xq) associated with the quadratic character yq.



The explicit formula

Lemma R
Let h(0) = ZIkI<K h(k)e(k0) be a trigonometric polynomial, which we assume

is real valued and even: h(—0) = h(0) = h(6). Then for a primitive character x

we have

d e27ri9

D 1 1 1
Zh(e,-,x):D/O h(e)d0+Am(x);/o h(6) 4 log(1 ~ Ve )do

Jj=1

=3 hideg ) D5 (1) +3(7)  (3)
f



Proof of Explicit Formula

By computing the logarithmic derivative u% in two different ways, either using

the Euler product (2.1) or the zeros (2.3) we get an identity, for n > 0,
D
=Yl =) AOXE) + A (x)
Jj=1 deg f=n

where A(f) = deg P if f = P* is a prime power, and A(f) = 0 otherwise.
Therefore we get an explicit formula in terms of the phases 6,

— 2minbj, OO(X) A(f) m n<o0
Z g2 + Z [[F]]*/2 {X(f) n>0

deg f=|n|

which is valid for n both positive and negative.
Now let h(0) = ZMKK k)e(k0) be a trigonometric polynomial, which we

assume is real valued and even: h(—0) = h(0) = h(6). Then the Fourier

=

(k).

coefficients are also real and even: /i;(—k) = ﬁ(k)



Continuation of the Proof

Using the Fourier expansion of h we get

> " h(0;) = Dh(0) + Y Y "h(k)(e(Kb;) + e(—Kb)))
:D/ h(é))d&—Zh(k)( k/2 ), Z HfHW +X(f))>

K

:D/ h(8)d6 — 2Xs0 (x) k/z — "h(degf) |‘f”m( X(F) + x(f))
0 f

k=1

Note that since h is real valued,

K 7 1 —1/2 2mi6 1
h(k) q ?e 1 1
Z gk/2 /O (0)1 — q—1/2g2mif 2ri J, (0) Og 1_ e dof

k=1 Va

which gives the claim.



For the quadratic character x g, with Q square-free of degree 2g + 2, we get
Aoo =1, D = 2g, and the explicit formula reads

2g 1 1 1 d e27if
h(6.0) = 2g/ h(6)d6 + —,/ h(0) = log(1 — )do
JZ:; ! 0 i J, do Va

-2 Zﬁ(deg f)%)m(f) (3-2)
f



Averaging over Hoz10 4

Let Hg,q C Fq[x] be the set of all square-free monic polynomials of degree d.
The cardinality of Ha,q is

(1-1Yg?, d>2
Ha,q = q
#Hd,q {q’ d=1

as may be seen by expressing the generating function ZZ‘;O Haqu® in terms of
the zeta function Z(u) of the rational function field:

Z(u) = Z2(v") > Haqu’

d=0
In particular we have

1
H#Hogr2,q = (1 - 5)q2g+2 (4.1)

We denote by (e) the mean value of any quantity defined on Hag42,4, that is

1 E
F):=—"— F
(F) #Hogi2,q QEH2g42,q (Q)



Lemma
If f € Fq[x] is not a square then

2deg f—1

<XQ(f)> < (]-_%W



Proof of the Lemma

We use the Mobius function to pick out the square free monic polynomials via

the formula
1, @ square-free
> - {

0, otherwise
A2|Q

where we sum over all monic polynomials whose square divides Q. Thus the
sum over all square-free polynomials is given by

Z xe(f) = Z Zu(%(%)

QEH2g42,q deg Q=2g+2 A2|Q
A\? B
= Y oua(F) > (F)
deg A<g+1 deg B=2g+2—2deg A

To deal with the inner sum, note that (%) is a non-trivial character since f is
not a square, so we can use Lemma 2.1 to get

B degf —1 1—deg A
E 2| < gl—deg 4.2
(f) _(2g+2—2degA)q (4.2)

deg B=2g+2—2deg A
if 22 +2 —2deg A < degf, and the sum is zero otherwise.




Continuation of the Proof

Hence we have

> xeH< D>

QEHog42,q deg A<g+1

degf —1 _
< g+1—deg A
= ) (2g+2—2degA)q

gt+1— 2B Cdeg A<gt1

degf —1
_ 4811 g < pdegf—1 g+l
7 2 <2g +2- Zj) = 7

g+17%<j§g+l

> (5

deg B=2g+2—2deg A

Dividing by #Hag42,4 = ¢%63(1 — é) proves the lemma.



Lemma
Let P, ..., P« be prime polynomials. Then

k R B k 1
petln)=-o(3 )




Proof of the Lemma

WehaveXQH ", P?) =1if ged( l_L P =1, andXQ(H P?)=0

otherwise. Since for primes P4, ..., Px the condition gcd(l_L.:1 Pi,Q) #1is
equivalent to P; dividing Q for some j, we may write

k
1, 3P| Q
Pg ::1 _ ) J
XQ(H J) {0 otherwise

I

and hence

k
<xo(H Pf)> =1- #,Hzﬁ T, HQ € Hasiag 3P| Q)
j=1

Replacing the set of square-free Q by arbitrary monic Q of degree 2g + 2 gives

2g+2

#{Q € Hogra.qg: 3P| Q) < #{deg Q = 2g + 2 : 3P, \Q}<Z‘7

Jj=1



Continuation of the

So that recalling Hogi2,q = (1 — %)q

26+2 \ve have

Thus

as claimed.

Proof



For a polynomial Q € Fq[x] of positive degree, set
1
(@)=Y TRl
PlQ
the sum being over all monic irreducible (prime) polynomials dividing Q.
Lemma

The mean values of ) and 1° are uniformly bounded as g — oco:

2 1
(m <1, <77>§@



Proof of the Lemma

We consider the first moment: We have

n(Q) = #Hw,q > ZT

Q€Hogi2,4 PIQ

1
:#Tfﬁ_z’q Z ‘|P||#{Q€H2g+2q P‘Q}

deg P<2g+2

We bound the number of square-free Q divisible by P by the number of all Q
of degree 2g + 2 divisible by P, which is q2g+2/||P|\, to find

MQ) < e > #{degQ=2¢+2:P| Q)

— 1)g28+2
(1- D deg,,gwnpn
1 2g+2
< =
- _ 1\42g+2 Z 2— —qg- Z 2
(1—-3)a* degP§2g+2\|/°ll l1—gq |I1]

(the last sum is over all monic polynomials) proving that (n(Q)) is uniformly
bounded.



Continuation Proof of the Lemma

For the second moment of 7, we have

N 1
) = B 2 ZIIPII

QE€EH2g42,4 \ PIQ

2

1 1

- L #{Q € Hogrog: P | QP

#H2g+2,q ||P1H K ||P2H #{Q 2g+2,q9 1 ‘ Q 2 | Q}
deg Py ,deg P, <2g+2

For squarefree Q, if two primes P; | Q and P, | Q then necessarily P; # P, and
then Q is divisible by both iff it is divisible by their product, hence

#{Q € Hogr2,q: P1| Q,P2| Q} = #{Q € Hogy2,q: P1P2 | Q}
<#{Q:degQ=22+2,PiP,| Q}

2g+2
_ Jrmmy deg(PiP2) <2g+2
0, otherwise

and hence the contribution of such pairs is bounded by

B3 ) =
1)q2€’+2 IIPlll2 | P, | |2 - [1£1]2 (1-121)

q




Beurling-Selberg functions

Let Z = [—3/2,8/2] be an interval, symmetric about the origin, of length
0< B <1, and K > 1 an integer. Beurling-Selberg polynomials I? are
trigonometric polynomials approximating the indicator function 17 satisfying:

° I,% are trigonometric polynomials of degree < K
® Monotonicity:
Ik <1z < I} (5.1)

® The integral of I,j([ is close to the length of the interval:

/ I (x)dx = / 1I(x)dxi%+l (5.2)

e [X(x) are even'.
As a consequence of (5.2), the non-zero Fourier coefficients of [ satisfy
- ~ 1
(0~ 12(k)| < .
F00 - 12(0)| < 5 (5:3)

and in particular

A~ 1
0] < g+ min (/3, ﬂ) L 0<K<K  (54)



Proposition
Let T =[—5/2,3/2] be an interval and K > 1 an integer so that K3 > 1.

Then R
> _li(2n) = 0(1) (5.5)
Z nlE(n)? = 2—7172 log KB + O(1) (5.6)

n>1

where the implied constants are independent of K and (3.



Proof of the Proposition
To bound the sum (5.5), we may use (5.3) to write
sin2wnf 1

~ _ 1
IK (2”)— 2n + O(K)
and hence in27ns
~ _ sin27n
> kem= > =T +o)
n>1 1<n<K/2

We treat separately the range n < 1/ and 1/8 < n < K. To bound the sum
over n < 1/, use sin2mnB < nf3 and hence

sin 2mnp3 ng
Z 2mn < Z n o)
1<n<1/pB 1<n<1/B

For the sum on n > 1/, we apply summation by parts. The partial sums of
sin27nf are

N
. _cosmfB—cosQN+1)m3 1
Z_;sm27rn,3 = 2en B = 0(5) (5.7)
Therefore
sin2rnf 1 A
Z W«w-‘rl-‘rﬁ 1/5§dt_0(1)

1/B<n<K/2



Continuation of the Proof

And hence Z £(2n) = O(1). To prove (5.6), we use (5.3) to write
~, 5 1 (sinwnp)?
ZnIK(n) = ;ZT+O(1)
n>0 n<K

We split the sum into two parts: The sum over 1 < n < 1/, where we use
|sinTnB| < ng to see that it gives a bounded contribution, and the sum over
1/B < n < K, where we use sin(y)” = 1(1 — cos(2y)) to get

L, \2 1 1 1 cos 2mnf3
Dk =55 > mam X o, tOW

n>0 %<n§K %<n§K
1 1 cos 2mnf3
=—logKpB — — — 4+ 0(1
salogKB— 55 Y =+ 0(1)
5 <n<K

To bound 3" 1 1 cnsk cos2mn8 apply summation by parts using

Z cos2mnf = sm(2N—;;)n7rfﬁ— sin < 57 0<p<1

to find that it gives a bounded contribution. Hence

Z n/l\%(n)2 = # log K5 + O(1)

1<n<N



Counting functions

Let x be a primitive Dirichlet character. We denote by Nz(x) the number of
angles 6;, of the L-function L*(u, x) (see (2.4)) in the interval
T =1[-B/2,3/2]. Define Sz(x) by

im|Z|

NG

2 e
Nz(x) = 2g|Z| + — arg(1 — )+ Sz(x)

Set 5
Ne() =Yl (03)
j=1

Here K will depend on deg Q. This will be our approximation to the counting
function Nz(x). Then by virtue of (5.1),

Ny (x) < Nz(x) < N (x) (6.1)



Using the explicit formula (3.1), we find

NE 00 = DU £ )+ A0 [ 1(0) S les(1 = )b + ¢ )
’ (6.2)
where S (x) is
S0 Y T (x0+xD)  (63)
deg F<K

the sum taken over all prime powers f € Fq[x] (of degree < K).
Note that since |17 — [£||1 = K%rl, we have

1 27if B/2 27i0
1 + d e 1 d e
— I (0)— log(1 — )do = — — log(1 — )do + O( )
7r//0 do Va T J g deo Va
2 e™s 1
_;arg(l— \/a)—&—O(R)

(6.4)



Quadratic Characters

For the case at hand, of quadratic characters, we write Nz(Q) for Nz(xq).
with similar meaning for Sz(Q), Ni(Q) and S£(Q). We have
7 A(f)
£09).— ¢ - _ =
Sk(Q) == Sk(xa) =2 Y Ti(degf) AR xe(® (7.1)

deg f<K

We may now deduce that the zeros are uniformly distributed:

Proposition

Every fixed (symmetric) interval T = [—f/2, 3/2] contains asymptotically
2g|Z| angles 6;,q, in fact

Nz(Q) = 2g|Z] + O(é)



Proof.
Indeed from (6.1) it suffices to show that for the smooth counting functions
N (xq) we have

+ _ g
Nic(x) = 261l + O( )

Now from (6.2), (6.4) it follows that
Nit (xa) = 2¢Z| + O(£) + O(1) + 5K (Q)|
To bound SE(Q), use (7.1) and (5.4) in the form /I\%(deg AAN(F) = O(1) to

deduce that
Q< > g2

deg f<K V Hf

and hence g
| Nic (xa) — 281Zl| < 45 + 4"

Taking K ~ log, g — log, log g gives the result.



Expected Value

We first bound the expected value of Sz:

Proposition
Assume that either the interval T = [—(3/2,3/2] is fixed or that it shrinks to
zero with g — oo in such a way that g8 — oo. Then

(5z) = 0(1)



Proof of the Proposition
Using (6.1), (6.2) and (6.4), we find that for any K,
(Sk) < (S)+0(£) < ()

Taking K = g/100 gives the remainder term above is bounded. So it remains
to bound the expected value of Sf(t for such K.

Recall that 5,% is a sum over prime powers. We separate out the contribution
of even powers, which is not oscillatory, from that of the odd powers:

St = even+ odd

We claim that the even powers give

even = 2> "1 (2n) + O (n(Q)) (8.1)
where 1
n(Q) = Z ]
PlQ

the sum over prime divisors of Q.



Continuation of the Proof

To see (8.1), note that for an even power of a prime, say f = g2, we have
xe(f) =1 if ged(g, Q) = 1 and 0 otherwise. Writing the even powers of a
prime as f = g2, and noting that A(f) = A(g), we have

T
even =2 Y I (2degg)\(g)

ged(g,Q)=1 ||g||

@+ i

n>1 deg g=n PlQ

where the remainder term is a sum over all prime divisors of Q. By the prime
_n
number theorem, sege—nM(&) = q" and hence

) Z M _2ZIK (2n) (8.2)

Tl

proving (8.1).



Continuation of the Proof
It now follows that expected value of the even powers is bounded: Indeed, the
sum Zn>17,j<[(2n) is bounded by Proposition 5.1 (note that our choice
K=~ g/160 and the condition g3 — oo guarantees K3 — oo, hence
Proposition 5.1 is applicable). As for the term n(Q) = ZPlQ ﬁ, it is not
bounded individually, but its mean is bounded by Lemma 4.3. The expected
value of the odd powers is

(oddy=-2 Y T (deg () (xa(F))
deg f 0odd 1l

To estimate the expected value of the odd powers, we use Lemma 4.1 and
(5.4) in the form [£(deg f)A(f) = O(1) to find

2degf 2 K
(odd) < Y - < ( *@
deg f<K V ||f qg qg

which for K ~ g/100 is bounded.

Hence we see that
QL — 0, g — (8.3)
= log(gp)




A sum over primes

Consider the sum over primes

TE(Q) = 2y K(eeP)degP
3 [P
This will be our approximation to Sz. From now on assume that
~ g
% Toglog(a5)
which will guarantee log K ~ log g8 and K = o(g).
Theorem

Assume that g — oo and either 0 < 8 < 1 is fixed or § — 0 while g — oo.
Take K =~ g/ loglog(gpB). Then

i)

(ITER) ~ 2 log b
ii)

(1T = Tel?) = o) (91)
iii)

(5% - TER) = o) (92)

The rest of this section is devoted to the proof of Theorem 9.1.



We have

- - deg P; deg P
((T2)") =4 > T (deg Py (deg P2) “E—-E2 (xo(PsP2))
= PP

The sum is over deg P1,deg P, < K < g. Consider the contribution of pairs
such that P; P, is not a perfect square (the “off-diagonal pairs”). We may use
Lemma 4.1 to bound their contribution by

o~ 2
1 I (deg P)| deg P22
< g&tl ( Z /‘P‘

deg P<K

Using (5.4) in the form \’I\ff(k)\ < 1/|k| gives that the inner sum is bounded by

2degPd P
< Y 8L <« (2/q)"

deg P<K V ‘FW deg P

Hence the off-diagonal contribution is bounded by

(49)"
qg+1

<

which is negligible since we take K = o(g).



Consider the contribution of pairs such that P; - P> is a square. Since P; and
P are primes, this forces P; = P,. These contribute

42 dﬁgpﬁ T (deg P)? {xo(P)?)

_ degP (degP)
42 TP £ (deg P’ +O<2P: TP Tic (deg P)) (9.3)

by Lemma 4.2.
Using the prime number theorem #{P : deg P = n} = q¢"/n + 0(q"?) gives

Z dﬁiﬁ TE(degPY =4 3 <n+O n/2)>7§(n)2+0(1)

1<n<K

=4 > nlg(n)’+ 0(1)

1<n<K



By Proposition 5.1 we find

(deg P)? 2
42 TP 1 (deg P)? = —log K3+ 0(1) (9.4)

(note that if g8 — oo then K3 = g3/ log Iog(gﬂ) — 00). To bound the

remainder term in (9.3) use (5.4) in the form I (deg P) deg P = O(1) to find
that the sum is at most ), 1/||P||> = O(1). Therefore we find

((15)7) = Z10g(KB) + 0(1) .



Next we compute the variance of the difference <|T,ﬁ - Ty |2> Arguing as

above, one sees that the only terms which may significantly contribute to the
average are again the diagonal terms

(155 = 3 2P (o Ttoe ) Gt 1o

Since by (5.3)

[~ ~ 2
l;(”)_IK(”) < K+1
we get
+_ |2 1 (deg P)?
<|TK T | ><< szz TP
eg P<K

Using the Prime Number Theorem, this is easily seen to be O(1). Hence we

find
(|7 - T[) = o)



Next we show that <|S% — Tﬁ2> = O(1). We have

-~ A(F
Se-Ti=—2 Y Tilesf) i vo(f)
F=Pi j>2 (9.5)
= even + odd
where the term “even" is a sum over the even powers of primes, and “odd” is
the sum over odd powers of primes where the exponent is at least 3. We will
show that the second moments of both the odd and even terms are bounded.

We first argue that the second moment of the even powers contribute a
bounded amount. As we saw in the proof of Proposition 8.1, see (8.1), we have

1
even K 1+ZW
P|Q

the sum being over all prime divisors of Q. This is not bounded individually,

but its second moment is bounded by Lemma 4.3.



It remains to bound the contribution of the odd powers. We have

7 - AR)A(E
(lodd?) = 43" T (deg ﬂ)li(degfz)n(f%u(l/z) (xolfiB))
fi,f2

where the sum is over odd higher prime powers, that is over f = P/ with j > 3
and odd.

The pairs where f; - f, is not a square contribute o(1) by the same argument as
above. Consider the contribution of pairs such that fi - f; is a square. If f; and
f, are odd higher prime powers but f; - f> is a square, then necessarily i = P',

fo = P® with P prime, r,s > 2, (and r = s mod 2). Necessarily then r +s > 4.
The contribution of such pairs can be bounded, using (5.4) in the form

Tic (deg FIA(F) = O(1), by

23 e < L L e < 2 e = 0

P ri+s>4

Hence <|odd\2> = O(1) and therefore

(ISk = Tcl?) = 0(1)



Higher moments of Tj¢

In this section we show that all moments of TKi are Gaussian.

Theorem
Assume the setting of Theorem 9.1 and let r > 2. Then

(T )] = o)

and

(T = B togr (8K + 0 (10 (8K))

rlm2r



Proof of the Theorem

For the odd moments, we have

<(T§:)2r71> 21 Z H/i(dTgl_deegP <XQ(H Pj)>

Par—1

Since HJ. Pj cannot be a perfect square, we may apply lemma 4.1 and obtain
the bound

~ 2r—1
£\2r—1 1 |1 (deg P)| deg P2
‘<(TK) >‘ < qg+1 ( Z /|P‘

deg P<K

As was already calculated in § 1, the inner sum is bounded by

29eP deg P

— < (2v)"
deg P<K ‘Pl degP

<

Hence

(o)« B4

qetl

which vanishes assuming K =~ g/ log log(g/3).



Continuation of the Proof

To compute the even moments, write
((ra)") =275+ 72

where both qu’ and T,?s’q have the form

[17% (deg P;) deg P;
2 NG (Ixet®)

P1,...,P

where qu’ is the sum over prime 2r-tuples {P;} for which Hf;l Pj is a perfect

square, and T,?s’q contains the remaining (off-diagonal) terms.

The term T,?S’q can be bounded as was done for the odd moments:

o~ 2r
2 1 |Ii¢ (deg P)| deg P25 " NG
Tosg < 3 § : i L et
q deg P<K ‘P‘

qg+1



Continuation of the Proof

N [1 7% (deg P;) deg P;
qu = P;
2 VLA (ITxet®)

Py Pyy=00

Now

the sum taken over only those primes for which [ ] P; is a square, which implies
all P; appear in equal pairs in each summand. Note that in particular all
summands are positive. By lemma 4.2 we may replace <H XQ(PJ-)> with 1 by

introducing an error of O (Z, 1/|\PJH>

The total error produced by this substitution is, keeping in mind that the
primes Pi,... Py, must come in identical pairs, bounded by

Z Z [T, 7 (deg Pi)*(deg Pi)?

PR T, TP

<y [T, i (deg P1)*(dog P1)" -~ Ty(deg P’ (deg )’
T [P TP

The iner sum is bounded and hence the total error introduced is by (9.4)

:l: 2
< Z = 21Hdeglikpk|(fegpk) < (log(pK))!
k=2

j=1 Py,




Continuation of the Proof

So far we showed that

. £ (deg P;) deg P; —
Ts2q _ Z H K( g P;) deg J+O(|Og l(ﬁK))
o VITIAI

Now we show that pairs of equal P; in

Z HI (deg P;) deg P;
Py Pyp=0 \ HHP

can be taken all distinct, for the remaining terms are bounded by

Z /I\,f(deg P1)* deg® Py Z H/ (deg P;) deg P;
2
e 1Pl e VIITIA

<

= q] .j4 r—2 r—
<<27ﬁlog (BK) < log
j=0

Finally, the sum over distinct pairs is

(2r)! [175 (deg P;)? deg? P;
r2r 2 ITIA

Py,...,P, distinct

*(BK)



Continuation of the Proof

Now we remove the restriction that Pi, ... P, are distinct, introducing (again)
an error of O(log"2(K)), and obtain

Ty = ) (Z l(dee P)° deg2p> + O(log"*(BK))

rl2r [|P]|

Summarizing all said above, and using (9.4) yields

72y = L g (3K) + Olog (5K))
and
(2!

((Tic)") = 115 1og"(BK) + O (log"™(8K))

as claimed.



Corollary

Under the assumption of Theorem 9.1, T;/ % log gB has a standard
Gaussian limiting distribution.

Indeed, the main-term expressions for the moments of Ts: imply all moments

of T,f/ % log g3 are asymptotic to standard Gaussian moments, where the
odd moments vanish and the even moments are

1 = 2r _—x2/2 _ _ I
E/_wxe dx=1-3----. (2r_1)_2’r!




In this section we prove the claim (1.4) in our introduction. Recall that we

wrote
im|Z|

NG

N2(Q) = 26]7] + 2 arg(1 ~ =) + 52(Q)

and thus (1.4) is equivalent to:

Theorem
Assume either that the interval T = [—(3/2, /2] is fixed, or that its length (3
shrinks to zero while g8 — oo. Then

(ISzI*) ~ %loggﬁ

and Sz/ % log Bg has a standard Gaussian distribution.

To prove this, it suffices to show that the second moment of the difference
Sr— T,f is negligible relative to log(g/3):

Proposition

Assume that K =~ g/ loglog g3, and that either (3 is fixed or § — O while

gB — oo. Then
2
_ T
< ST Ty >—>0 (11.1)

\/ = log g




Indeed, due to Proposition 11.2, the second moment of Sz is close to that of
T,ﬁ: and and the distribution of Sz/+/ % log Bg coincides with that of
T,f/\/% log(gp), that is by Corollary 10.2 we find that Sz/ % log Bg has a

standard Gaussian distribution. Thus we will have proved Theorem 11.1 once

we establish Proposition 11.2.



Proof of the Proposition

Assume that K ~ g/ loglog(g/). Then it suffices to show
g
(ISt - T ) < (R)Z , (11.2)

We first show g
(157 - S I*) < (?)2 . (11.3)
By (6.1), we have
Sk <Sz+0(£ )<5,t.

Hence

0<Sr—Sc+0(2)<si -5 .

g
K



Continuation of the Proof

Since we are dealing now with positive quantities, we may take absolute values
and get

Sr— Sk +0(&) < IS — S

ISz — Sk + (K) < |5k — S|

and applying the triangle inequality gives
57— Sicl < ISk = Sl + O(F) .

hence
1Sz = Sk P < 28k = S [P+ O((£)7) -

Taking expected values we get

(152 - ScP) <2(1sk - sy +0 () . (11.4)



Continuation of the Proof
To bound <\5; — 5;|2>, use the triangle inequality to get
ISk = Skl <15k = Tl + 1T = Tic | + 1T« — S|
and hence
ISk = Sic P <3(1Sk = Tl + 1Tk = Tic P +1Tic =S¢ ) -

Applying (9.1) and (9.2) we find

(IS¢ = ScI*) = 0(1) . (11.5)
Inserting (11.5) into (11.4) gives

- g

(157 - ) < (£
and together with (11.5) we get

(IS - SkI*) < (%)2

proving (11.3).



To show (11.2), we use the triangle inequality to get
IS — Ticl <18z — Sic| + ISk — Tic'|

hence
(152 — T P) < 2(1Sz — SicI*) +2(ISk — T [*)

which is O((£)?) by (11.3) and (9.2).
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