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Abstract. In this paper an asymptotic formula for the sum
∑
L(1, χ) is established for the family of

quadratic Dirichlet L-functions over the rational function field over a finite field Fq with q fixed. Using the
recent techniques developed by Florea we obtain an extra lower order terms that was never been predicted

in number fields and function fields. As a corollary, we obtain a formula for the average of the class number

over function fields which also contains strenuous lower order terms and so improving on previous results of
Hoffstein and Rosen.

1. Introduction

1.1. The number field case. In his famous Disquisitiones Arithmeticae [8], Gauss presented two con-
jectures concerning the average values of class numbers associated with binary quadratic forms over the
integers. For completeness and to put our problem in the right context we will restate Gauss’s conjectures
in the language of orders in quadratic number fields.

Let D denote an integer congruent to 0 or 1 modulo 4 and suppose that D is not a square. In this case,
D can be uniquely written as D = D0m

2 where D0,m ∈ Z and either D0 ≡ 1 mod 4 or D0 = 4m0 with m0

square-free and m0 ≡ 2, 3 mod 4. D is called a fundamental discriminant if m = 1.
Consider the quadratic number field Q(

√
D). The maximal order in Q(

√
D) has discriminant D0, and it

is well known that there is a unique order OD ⊂ OD0
, called the maximal order, such that [OD0

: OD] = m.
We denote by hD the strict class number of OD, and, when D > 0, we denote by εD to be the smallest unit
in OD such that εD > 1 and NQ(

√
D)/Q(εD) = 1. Finally, we denote by RD = log(εD) to be the regulator of

the quadratic number field Q(
√
D).

In [8], Gauss considered only binary quadratic forms ax2 + 2bxy+ cy2 with a, b, c ∈ Z, in other words, he
only considered even discriminants D = 4(b2 − ac). Recall that two quadratic forms are equivalent if it is
possible to transform the first form into the second through an invertible integral linear change of variables.
By defining this equivalence relation on the set of quadratic forms we have equivalence classes that will be
called classes of quadratic forms. Gauss showed that the number of such equivalence classes of quadratic
forms with discriminant D is finite. Let hD denote this number, we also call hD the class number.

We now will present Gauss’s conjectures reformulated in a more modern language.

Conjecture 1.1 (Gauss). Let hD be the class number defined as above.

(1) Let D = −4k run over all negative discriminants with k ≤ N . Then∑
1≤−D≤N

hD ∼
4π

21ζ(3)
N

3
2 , (1.1)

as N →∞ and where ζ(s) is the Riemann zeta function.
(2) Let D = 4k run over all positive discriminants such that k ≤ N . Then∑

1≤D≤N

hDRD ∼
4π2

21ζ(3)
N

3
2 . (1.2)

The first conjecture (1.1) was first proved by Lipschitz [15] and better error terms were obtained by
Mertens [17], Siegel [21] and Vinogradov [25]. The second conjecture (1.2) was first proved by Siegel [21].
Siegel was also able to average hD and hDRD over all discriminants.

Theorem 1.2 (Siegel). With the same notation as before, we have that
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(1) ∑
1<−D≤N

hD =
π

18ζ(3)
N

3
2 +O(N logN). (1.3)

(2) ∑
1<D≤N

hDRD =
π2

18ζ(3)
N

3
2 +O(N logN). (1.4)

In [20], Shintani proved a sharper version of part (2) of the above theorem.
Let ψD(n) = (Dn ) denote the Kronecker symbol. We can associate to this symbol the following Dirichlet

series

L(s, ψD) =

∞∑
n=1

ψD(n)

ns
.

A well-known result of Dirichlet, known as Dirichlet’s class number formula, states that

L(1, ψD) =


2πhD

wD
√
|D|

if D < 0,

hDRD√
D

if D > 0,
(1.5)

where wD denotes the number of roots of unity in OD. In fact, wD = 2 except when D = −4 or −6, when
wD = 4 and 6 respectively. With this notation, we can summarize Siegel’s result in a single formula∑

1<±D≤N

L(1, ψD) =
1

2

ζ(2)

ζ(3)
N +O(N

1
2 logN), (1.6)

where the sum is to be understood as a sum over all positive discriminants D between 1 and N , or all
negative discriminants D such that 1 < |D| ≤ N . In fact, Theorem 1.2 follows from (1.5), (1.6) and partial
summation.

A natural question that arises from equation (1.6), that was studied by Takhtadzjan and Vinogradov in
[23], is about averaging L(s, ψD) at other points besides s = 1.

It is important to note that all the mean values quoted above are averages over all discriminants. But we
can also consider the problem of averaging over fundamental discriminants. In 1979, Goldfeld and Viola [10]
put forward a few conjectures about averages over fundamental discriminants and Jutila [13] proved such
conjecture in 1981 for s = 1

2 . Then, in 1985, Goldfeld and Hoffstein [9], using Eisentein series of 1
2 -integral

weight, generalized Jutila’s result and proved a result valid for all s with Re(s) ≥ 1
2 . We will state some of

these results but before, we need the following notation. Let m denote a square-free integer and let χm(n)
be the quadratic Dirichlet character associated to the quadratic field Q(

√
m). We will state Goldfeld and

Hoffstein result for Re(s) ≥ 1 and refer the reader to their paper [9] for the full result.

Theorem 1.3 (Goldfeld and Hoffstein). Let ε > 0 be given. For Re(s) ≥ 1,∑
1<±m≤N

L(s, χm) = c(s)N +O(N
1
2+ε), (1.7)

where

c(s) =
3

4
(1− 2−2s)ζ(2s)

∏
p 6=2

(1− p−2 − p−2s−1 + p−2s−2).

The sum is either over positive square-free m between 1 and N , or over negative square-free m with
1 < |m| ≤ N . If we set s = 1 in the above theorem and using Dirichlet’s class number formula, one can
average hm, the class number, or hmRm, the class number times the regulator, over the fields Q(

√
m).

We now state Jutila’s result and some of its developments. Jutila proved a first moment for quadratic
Dirichlet L-functions at the centre of the critical strip.

Theorem 1.4 (Jutila). As x→∞ we have that∑
0<m≤x

L( 1
2 , χm) ∼ P (1)

4ζ(2)
x log x, (1.8)

where

P (s) =
∏
p

(
1− 1

(p+ 1)ps

)
.
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Goldfeld and Hoffstein [9] improved the error term in Jutila’s result and Young [26] showed that the error

term is bounded by x
1
2+ε if we consider a smooth version of this average value. In the same paper, Jutila also

obtained a second moment for this family of L-function. Soundararajan [22] in a tour de force established
an asymptotic formula for the third moment for this family of L-functions. It is conjectured that∑

0<m≤x

L( 1
2 , χm)k ∼ Ckx(log x)k(k+1)/2, (1.9)

where the sum is over all fundamental discriminants. Keating and Snaith [14] conjectured a precise value for
Ck using random matrix theory calculations. There is a more elaborated conjecture due to Conrey, Farmer,
Keating, Rubinstein and Snaith [6] for the integral moments, and the formulas include all the principal lower
order terms. The conjectures agrees with the computed first three moments.

Let m > 0 and square-free and Q(
√
m) be the associated quadratic fields. Then L(−1, χm) is related to

the order K2(Om) by a conjecture of Birch and Tate, where K2(Om) is the algebraic K2 group defined as
the center of the Steinberg group St(O) or as the Schur multiplier of the group of elementary matrices. For
more details see [16].

By using the functional equation we can relate L(−1, χm) to L(2, χm). And so setting s = 2 in Theorem 1.3
allows us to average the size of the K2(Om) groups, modulo the conjecture. In number fields, the conjecture
is known up to powers of 2 due to a result of Mazur and Wiles [16]. In function fields, the analogue of this
conjecture was proved by Tate [24]. We investigate the mean values of K2 groups in function fields in a
future work [2].

In 1982, Sarnak [19] investigated the asymptotic average behavior of hD over the exhausting family of
sets, Dp,x = {D ∈ Dp : εD ≤ x} as x → ∞. Here, Dp = {D ∈ D : p | yD} where D is the set of positive
ring discriminants, that is, D is such that D > 0 and D ≡ 0, 1 mod 4 with D not a square. We have that
p ≥ 3 is a prime, or p = 1 when D1 = D and (xD, yD) is the fundamental solution of the Pellian equation
x2 −Dy2 = 4. We also denote εD to be

εD =
xD + yD

√
D

2
.

With this notation, the main result in Sarnak’s paper [19] is given below.

Theorem 1.5 (Sarnak). Let γ > 2
3 . Then

1

|Dp,x|
∑

D∈Dp,x

hD =
16

35
cp

Li(x2)

x
+O(xγ), (1.10)

where

cp =

{
1 if p = 1,
1+p2

p(p2−1) if p ≥ 3,

and Li(u) =
∫ u
2

(1/ log t)dt as in the ordinary prime number theorem and |A| denotes the cardinality of the
set A.

In fact, Sarnak’s theorem shows that in this ordering the size of hD is about the size of hD over the sets
Dp,x. Sarnak, in the same paper, also obtains several other interesting results about hD.

Theorem 1.6 (Sarnak). With the same notation as before, we have that

(1) ∑
{D∈D1:εD≤x}

hD = Li(x2) +O(x
3
2 (log x)2), (1.11)

(2) ∑
{D∈D1:εD≤x}

hD log εD =
x2

2
+O(x

3
2 (log x)3) (1.12)

as x→∞.

The main idea in Sarnak’s paper is to connect the quantities hD and log εD to lengths of closed geodesics
on the Riemann surfaces H/Γ(p), where H is the Lobachevskii plane with its non-Euclidian metric, and
Γ(p) is the principal congruence subgroup of PSL(2,Z) of level p and then use the Selberg trace formula
to investigate the asymptotic behavior of these lengths and so obtaining the desired results about the class
number.
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1.2. The function field case. We consider now the average values of the class number in the context of
function fields over finite fields. Before we state the main result of this paper we will set up some of the
function field notation that will be used in the rest of the paper.

Let Fq be a finite field with q elements. We assume that q ≡ 1 mod 4. We denote by A = Fq[t] to be the
ring of polynomials over Fq. Let k = Fq(t) be the rational function field over Fq. We also denote by A+ to

be the set of monic polynomials in A. The norm of a polynomial f ∈ A is defined to be |f | = qdeg(f) and
the zeta function associated to A is defined to be

ζA(s) =
∑
f∈A+

1

|f |s
=

1

1− q1−s
. (1.13)

If we use the more convenient variable u = q−s, we have that

ζA(s) = ZA(u) =
1

1− qu
. (1.14)

Let K/k be a quadratic extension and OK be the integral closure of A in K. The arithmetic of OK was
first considered by E. Artin [5]. It is well-known that OK = A[

√
m0] where m0 is a square-free polynomial

in A. We can relabel OK as Om0 and set hm0 equal to its class number. If m = m0m
2
1 then hm = |Pic(Om)|

where Pic(Om) is the Picard group of Om.

Consider D ∈ A a square-free polynomial and put OD = A[
√
D]. In this case, OD is a Dedekind domain

and the associated class number hD is equal to |Pic(OD)|. For more details see [18, p. 315]. The main aim
of this paper is to investigate the average value of these numbers.

Let D ∈ A be a monic and square-free polynomial. We can define the quadratic character χD using the
quadratic residue symbol for A by

χD(f) =

(
D

f

)
, (1.15)

and the associated L-function by

L(s, χD) =
∑
f∈A+

χD(f)

|f |s
. (1.16)

Using [18, Proposition 4.3] we have that L(s, χD) is a polynomial in u = q−s of degree at most deg(D)− 1.
For more details about quadratic Dirichlet L-functions in function fields see [3].

We also will fix the following notation. A+
n will denote the set of monic polynomials of degree n in A. Let

A+
≤n = {f ∈ A+ : deg(f) ≤ n} and A+

≥n = {f ∈ A+ : deg(f) ≥ n}. For square-free polynomials we have that

H = {f ∈ A+ : f is square-free} and Hn = {f ∈ H : deg(f) = n} = H ∩ A+
n . To make the notation clearer

we will denote by d(f) = deg(f), the degree of f for any f ∈ A.
Hoffstein and Rosen in their beautifil paper [11] proved a series of results about average values of class

numbers in function fields. For example, for the average values over all discriminants they have the following
results.

Theorem 1.7 (Hoffstein and Rosen). Let m be odd and positive. Then

1

qm

∑
D∈A+

m

hD =
ζA(2)

ζA(3)
q
m−1

2 − q−1. (1.17)

Theorem 1.8 (Hoffstein and Rosen). Let m be even and positive. The following sum is over all non-square
monic polynomials of degree m. Then we have that

1

qm

∑
hDRD = (q − 1)−1

{
ζA(2)

ζA(3)
q
m
2 −

(
2 +

(
1− 1

q

)
(m− 1)

)}
. (1.18)

A problem which is more difficult is to average the class number over fundamental discriminants, i.e.,
over D ∈ A with D square-free. With the help of functions defined on the metaplectic two-fold cover of
GL(2, k∞), where k∞ is the completion of k at the prime at infinity, Hoffstein and Rosen [11] were able to
establish the following theorem that can be used to prove asymptotic formulas for the average of the class
number over square-free polynomials.

Theorem 1.9. Let ε > 0 be given and assume s ∈ C with Re(s) ≥ 1.
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(1) If M = 2n+ 1 is odd, then

(q − 1)−1(qM − qM−1)−1
∑
m

L(s, χm) = ζA(2)ζA(2s)c(s) +O(q−n(1−ε)), (1.19)

where the sum is over all square-free m ∈ A such that deg(m) = M and

c(s) =
∏
P

(1− |P |−2 − |P |−(2s+1) + |P |−(2s+2))

is a product over monic and irreducible polynomials.
(2) If M = 2n is even, then

2−1(q − 1)−1(qM − qM−1)−1
∑
m

L(s, χm) = ζA(2)ζA(2s)c(s) +O(q−n(1−ε)), (1.20)

where the sum is over all square-free m ∈ A such that deg(m) = M and the leading coefficient of m
is 1, or over all square-free m with deg(f) = M and the leading coefficient of m is −1.

In a recent paper, Andrade [1] by using the approximate functional equation in function fields and the
Riemann hypothesis for curves over finite fields to estimate non-trivial character sums in function fields was
able to establish the average value for the class number in function fields when the average is taken over
fundamental discriminants.

Theorem 1.10 (Andrade). Let Fq be a fixed finite field with q ≡ 1 mod 4. Then

∑
D∈H2g+1

hD =
|D|

3
2

√
q
P (2) +O(|D|), (1.21)

as deg(D)→∞ and

P (s) =
∏

P monic
irreducible

(
1− 1

(|P |+ 1)|P |s

)
.

By using the same techniques as those developed by Andrade in [1], Jung [12] was able to establish the
average value of the class number times the regulator in the same context as in the previous result.

Theorem 1.11 (Jung). With the same notation as before, we have that

∑
D∈H2g+2

hDRD =
|D|

3
2

q − 1
P (2) +O(g2|D|), (1.22)

as deg(D)→∞ and RD is the regulator associated to D.

To conclude this section we want to discuss one last result. Recently, Florea [7] established an asymptotic
formula for the first moment of quadratic Dirichlet L-functions in function fields. She obtained a strenuous
lower order term that had not appeared in the previous work of Hoffstein and Rosen [11] and Andrade and
Keating [3]. The core of the idea to obtain such a lower order term is to use the Poisson summation for
function fields.

In this paper we use the Poisson summation, as developed by Florea in [7], to obtain an extra main term
for the average value of the class number in function fields. With this, we are able to go beyond the results
of Hoffstein and Rosen [11], Andrade [1] and Jung [12] related to the average value of the class number. The
paper is organized in the following way. In the next section, we state our main result and the new formula
for the average value of the class number in function fields. In Section 3 we present a few preliminary results
that will be used in the rest of the paper. In Section 4 we set up the problem and present the basic strategy
of how the main calculations will be carried out. In Sections 5 and 6, we compute the main terms in the
asymptotic formula. We handle the error term in Section 7 and we conclude the proof of the main result in
Section 8.
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2. The Main Theorem

Our main results are now presented.

Theorem 2.1. Let Fq be a fixed finite field with q a prime number such that q ≡ 1 mod 4 and ε > 0. Then,
as g →∞, we have ∑

D∈H2g+1

L(1, χD) = c0q
2g+1 + c1q

g
3 +O(qgε), (2.1)

where

c0 =
∏
P

(
1− 1

|P |2(1 + |P |)

)
and c1 =

q
5
3 (1− q 2

3 )

3(1− q)(1− q 5
3 )

∏
P

(
1 +

1− |P | − |P | 73 + |P | 83
|P |3(|P | 13 − 1)(|P | 23 + 1)

)
.

To obtain a formula for the average of the class number hD we will make use of the following analogy of
Dirichlet’s Theorem due to Artin [4].

Theorem 2.2 (Artin). For any D ∈ H2g+1, we have

L(1, χD) =

√
q√
|D|

hD. (2.2)

We now have all the ingredients to obtain an asymptotic formula for the average of the class number hD.

Corollary 2.3. For ε > 0 given and with the same notation as before, we have that∑
D∈H2g+1

hD = c0q
3g+1 + c1q

4g
3 +O(qg(1+ε)).

In light of the analogy between number fields and function fields we make the following conjecture for the
classical case.

Conjecture 2.4. For ε > 0 and using the same notation as those of Theorem 1.2 we have that

∑
1≤−D≤N

hD = C0N
3
2 + C1N

2
3 +O(N

1
2 (1+ε)),

for some positive constants C0 and C1.

3. Preliminaries and background

For any D ∈ H2g+1, we have from [3, Equation (3.23)] that

L(1, χD) =
∑
f∈A+

≤g

χD(f)

|f |
+

1

qg

∑
f∈A+

≤g−1

χD(f).

It follows that

∑
D∈H2g+1

L(1, χD) =
∑
f∈A+

≤g

1

|f |
∑

D∈H2g+1

χD(f) +
1

qg

∑
f∈A+

≤g−1

∑
D∈H2g+1

χD(f). (3.1)

We state two lemmas that will be used in the calculations to follow.

Lemma 3.1. Let f ∈ A+. Then∑
D∈H2g+1

χD(f) =
∑
C|f∞

∑
H∈A+

2g+1−2d(C)

χf (H)− q
∑
C|f∞

∑
H∈A+

2g−1−2d(C)

χf (H),

where the first summation is over C ∈ A+ whose prime factors are among the prime factors of f .

Proof. This is Lemma 2.2 in [7]. �
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We now state a version of Poisson summation over function fields. For a ∈ Fq(( 1
t )), let e(a) := e2πia1/q,

where a1 is the coefficient of 1
t in the expansion of a (for more details, see [7, §3]). For χ a general character

modulo f , the generalized Gauss sum G(V, χ) is defined as

G(V, χ) =
∑

A mod f

χ(A)e

(
AV

f

)
.

The following Poisson summation formula holds.

Lemma 3.2. Let f ∈ A+ and let m be a positive integer.

(1) If d(f) is odd, then ∑
M∈A+

m

χf (M) =
qm+ 1

2

|f |
∑

V ∈A+
d(f)−m−1

G(V, χf ). (3.2)

(2) If d(f) is even, then

∑
M∈A+

m

χf (M) =
qm

|f |

G(0, χf ) + (q − 1)
∑

V ∈A+
≤d(f)−m−2

G(V, χf )−
∑

V ∈A+
d(f)−m−1

G(V, χf )

 . (3.3)

Proof. This is Proposition 3.1 in [7]. �

Remark that G(0, χf ) is nonzero if and only if f is a square, in which case G(0, χf ) = φ(f), where φ(f)
is Euler’s phi-function for polynomials in Fq[t].

4. Setup of the problem

Invoking (3.1) and Lemma 3.1, we can write∑
D∈H2g+1

L(1, χD) = Sg + Sg−1,

where

Sg =
∑
f∈A+

≤g

1

|f |
∑
C|f∞

C∈A+
≤g

∑
H∈A+

2g+1−2d(C)

χf (H)− q
∑
f∈A+

≤g

1

|f |
∑
C|f∞

C∈A+
≤g−1

∑
H∈A+

2g−1−2d(C)

χf (H)

and

Sg−1 =
1

qg

∑
f∈A+

≤g−1

∑
C|f∞

C∈A+
≤g

∑
H∈A+

2g+1−2d(C)

χf (H)− 1

qg−1

∑
f∈A+

≤g−1

∑
C|f∞

C∈A+
≤g−1

∑
H∈A+

2g−1−2d(C)

χf (H).

Using the fact that (for details see section 4 in [7])∑
C|f∞

C∈A+
g

1� qgε,

we can see that the terms in Sg and Sg−1 corresponding to C ∈ A+
g are bounded by O(qgε). We rewrite

Sg =
∑
f∈A+

≤g

1

|f |
∑
C|f∞

C∈A+
≤g−1

s(f ;C) +O(qgε) (4.1)

and

Sg−1 =
1

qg

∑
f∈A+

≤g−1

∑
C|f∞

C∈A+
≤g−1

s(f ;C) +O(qgε), (4.2)

where

s(f ;C) =
∑

H∈A+
2g+1−2d(C)

χf (H)− q
∑

H∈A+
2g−1−2d(C)

χf (H).
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For ` ∈ {g, g − 1}, write S` = So` + Se` +O(qgε), where So` and Se` denote the sum over f ∈ A+
≤` of odd and

even degree respectively. By using (3.2), if d(f) is odd, then

s(f ;C) =
q2g+

3
2

|f | 12 |C|2
so(f ;C)

with

so(f ;C) =
∑

V ∈A+
d(f)−2g−2+2d(C)

G(V, χf )

|f | 12
− 1

q

∑
V ∈A+

d(f)−2g+2d(C)

G(V, χf )

|f | 12
. (4.3)

Hence, we have

Sog = q2g+
3
2

∑
f∈A+

≤g
d(f):odd

1

|f | 32
∑
C|f∞

C∈A+
≤g−1

so(f ;C)

|C|2
(4.4)

and

Sog−1 = qg+
3
2

∑
f∈A+

≤g−1

d(f):odd

1

|f | 12
∑
C|f∞

C∈A+
≤g−1

so(f ;C)

|C|2
. (4.5)

By (3.3), if d(f) is even, then

s(f ;C) =
G(0, χf )

ζA(2)

q2g+1

|f ||C|2
+

q2g+1

|f | 12 |C|2
se(f ;C)

with

se(f ;C) =
q

ζA(2)

∑
V ∈A+

≤d(f)−2g−3+2d(C)

G(V, χf )

|f | 12
−

∑
V ∈A+

d(f)−2g−2+2d(C)

G(V, χf )

|f | 12

− 1

ζA(2)

∑
V ∈A+

≤d(f)−2g−1+2d(C)

G(V, χf )

|f | 12
+

1

q

∑
V ∈A+

d(f)−2g+2d(C)

G(V, χf )

|f | 12
. (4.6)

Write Seg =Mg + S̃eg and Seg−1 =Mg−1 + S̃eg−1, where

Mg =
q2g+1

ζA(2)

∑
L∈A+

≤[
g
2
]

φ(L2)

|L|4
∑
C|f∞

C∈A+
≤g−1

1

|C|2
, (4.7)

Mg−1 =
qg+1

ζA(2)

∑
L∈A+

≤[
g−1
2

]

φ(L2)

|L|2
∑
C|f∞

C∈A+
≤g−1

1

|C|2
(4.8)

and

S̃eg = q2g+1
∑
f∈A+

≤g
d(f):even

1

|f | 32
∑
C|f∞

C∈A+
≤g−1

se(f ;C)

|C|2
, (4.9)

S̃eg−1 = qg+1
∑

f∈A+
≤g−1

d(f):even

1

|f | 12
∑
C|f∞

C∈A+
≤g−1

se(f ;C)

|C|2
. (4.10)

For ` ∈ {g, g − 1}, let S`(V = �) be the sums over V square in S̃e` and S̃e` (V 6= �) be the sums over V

non-square in S̃e` . Then S̃e` = S`(V = �) + S̃e` (V 6= �). When V = L2, write

Sg(V = �) = q2g+1
∑
f∈A+

≤g
d(f):even

1

|f | 32
∑
C|f∞

C∈A+
≤g−1

se�(f ;C)

|C|2
(4.11)
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and

Sg−1(V = �) = qg+1
∑

f∈A+
≤g−1

d(f):even

1

|f | 12
∑
C|f∞

C∈A+
≤g−1

se�(f ;C)

|C|2
(4.12)

with

se�(f ;C) =
q

ζA(2)

∑
L∈A+

≤ d(f)
2
−g−2+d(C)

G(L2, χf )

|f | 12
−

∑
L∈A+

d(f)
2
−g−1+d(C)

G(L2, χf )

|f | 12

− 1

ζA(2)

∑
L∈A+

≤ d(f)
2
−g−1+d(C)

G(L2, χf )

|f | 12
+

1

q

∑
L∈A+

d(f)
2
−g+d(C)

G(L2, χf )

|f | 12
. (4.13)

Note that in (4.3), since d(f) is odd, d(V ) is also odd, so V cannot be a square. For ` ∈ {g, g − 1}, define

S`(V 6= �) = So` + S̃e` (V 6= �). We will bound Sg(V 6= �) and Sg−1(V 6= �) in section 7.
An immediate application of Cauchy’s theorem and the formula for the geometric series give us the fol-

lowing Lemma, which is the function field analogue of Perron’s formula, or if you prefer Tauberian theorems.

Lemma 4.1. If the power series H(u) =
∑
f∈A+ a(f)ud(f) converges absolutely for |u| ≤ R < 1, then

∑
f∈A+

n

a(f) =
1

2πi

∮
|u|=R

H(u)

un+1
du (4.14)

and

∑
f∈A+

≤n

a(f) =
1

2πi

∮
|u|=R

H(u)

(1− u)un+1
du. (4.15)

5. Main term

In this section we compute the main terms Mg and Mg−1. Put

C(u) =
∏
P

(
1− ud(P )

1 + |P |

)
, (5.1)

which is analytic in |u| < 1. We may further write

C(u) = ZA

(
u

q

)−1∏
P

(
1 +

ud(P )

(1 + |P |)(|P | − ud(P ))

)
= (1− u)

∏
P

(
1 +

ud(P )

(1 + |P |)(|P | − ud(P ))

)
(5.2)

which furnishes an analytic continuation of C(u) to the region |u| < q .
The next proposition is the main result of this section.

Proposition 5.1. For any ε > 0, we have that

Mg +Mg−1 =
qg+1

ζA(2)

1

2πi

∮
|u|=r

(qg−2[
g
2 ](1− u)u[

g−1
2 ] + (1− q2u)u[

g
2 ])C(u)

(1− u)(1− qu)(1− q2u)ug
du+O(qgε), (5.3)

where r < q−2.

Proof. From (4.7) and (4.8) with the facts that∑
C|f∞

C∈A+
≤g−1

1

|C|2
=
∏
P |f

(1− |P |−2)−1 +O(qg(ε−2)) and
φ(L2)

|L|2
=
∏
P |L

(1− |P |−1),

we obtain

Mg =
q2g+1

ζA(2)

∑
L∈A+

≤[
g
2
]

1

|L|2
∏
P |L(1 + |P |−1)

+O(qgε)
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and

Mg−1 =
qg+1

ζA(2)

∑
L∈A+

≤[
g−1
2

]

1∏
P |L(1 + |P |−1)

+O(qgε).

By Perron’s formula (4.15), we have

Mg =
q2g+1

ζA(2)

1

2πi

∮
|u|=r

A(u)

u(1− q2u)(q2u)[
g
2 ]
du (5.4)

and

Mg−1 =
qg+1

ζA(2)

1

2πi

∮
|u|=r

A(u)

(1− u)u[
g−1
2 ]+1

du, (5.5)

where r < q−2 and

A(u) =
∑
L∈A+

ud(L)
∏
P |L

(1 + |P |−1)−1.

By multiplicativity, we may write

A(u) =
∏
P

(
1 +

|P |
1 + |P |

ud(P )

1− ud(P )

)
= Z(u)C(u) =

C(u)

1− qu
. (5.6)

By inserting (5.6) in both (5.4) and (5.5), and adding Mg and Mg−1, we get the result. �

6. Contribution from V square

In this section, we will evaluate the terms Sg(V = �) and Sg−1(V = �).

Proposition 6.1. We have that

Sg(V = �) + Sg−1(V = �) = − q
g+1

ζA(2)

1

2πi

∮
|u|=q1−

ε
2

(qg−2[
g
2 ](1− u)u[

g−1
2 ] + (1− q2u)u[

g
2 ])C(u)

(1− u)(1− qu)(1− q2u)ug
du

+ c1q
g
3 +O(qgε),

where

c1 =
q

5
3 (1− q 2

3 )

3(1− q)(1− q 5
3 )

∏
P

(
1 +

1− |P | − |P | 73 + |P | 83
|P |3(|P | 13 − 1)(|P | 23 + 1)

)
.

For |z| > q−2, put

B(z, w) =
∑
f∈A+

wd(f)Af (z)∏
P |f (1− |P |−2z−d(P ))

with

Af (z) =
∑
L∈A+

zd(L)
G(L2, χf )√

|f |
.

For a proof of Proposition 6.1, we need the following two lemmas (see [7, section 6]).

Lemma 6.2. For |z| > q−2, we have

B(z, w) = Z(z)Z(w)Z(qzw2)
∏
P

BP (z, w), (6.1)

where

BP (z, w) = 1 + wd(P )−(zw2)d(P )|P |2−(z2w)d(P )|P |2+(z2w3)d(P )|P |2+(zw2)d(P )|P |−(zw3)d(P )|P |
zd(P )|P |2−1 .

Moreover,
∏
P BP (z, w) converges absolutely for |w| < q|z|, |w| < q−

1
2 and |wz| < q−1.

Lemma 6.3. We have ∏
P

BP (z, w) = Z
(
w

q2z

)
Z(w2)−1

∏
P

DP (z, w), (6.2)

where

DP (z, w) = 1 +
−w2d(P )−w3d(P )

|P | + wd(P )

zd(P )|P |2
+(zw2)d(P )|P |+(zw2)d(P )−(z2w)d(P )|P |2+(zw3)d(P )−(z2w2)d(P )|P |2

(zd(P )|P |2−1)(1+wd(P ))
.
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Moreover,
∏
P DP (z, w) converges absolutely for |w|2 < q|z|, |w| < q3|z|2, |w| < 1 and |wz| < q−1.

6.1. Proof of Proposition 6.1. From (4.13), using Cauchy’s formula (4.15), we obtain

se�(f ;C) =
1

2πi

∮
|z|=q−1−ε

(qz − 1)(1− 1
qz )Af (z)

(1− z)z
d(f)
2 −g+d(C)

dz.

Hence, from (4.11) and (4.12), it follows that

Sg(V = �) =
q2g+1

2πi

∮
|z|=q−1−ε

zg(qz − 1)(1− 1
qz )

(1− z)
∑
f∈A+

≤g
d(f):even

Af (z)

|f | 32 z
d(f)
2

∑
C|f∞

C∈A+
≤g−1

1

|C|2zd(C)
dz

and

Sg−1(V = �) =
qg+1

2πi

∮
|z|=q−1−ε

zg(qz − 1)(1− 1
qz )

(1− z)
∑

f∈A+
≤g−1

d(f):even

Af (z)

|f | 12 z
d(f)
2

∑
C|f∞

C∈A+
≤g−1

1

|C|2zd(C)
dz.

Write ∑
C|f∞

C∈A+
≤g−1

1

|C|2zd(C)
=
∏
P |f

(1− |P |−2z−d(P ))−1 −
∑
C|f∞

C∈A+
≥g

1

|C|2zd(C)

and using the fact that (see [7, Proof of Lemma 6.1])∣∣∣∣ ∑
C|f∞

C∈A+
≥g

1

|C|2zd(C)

∣∣∣∣� qg(ε−1),

we obtain

Sg(V = �) =
q2g+1

2πi

∮
|z|=q−1−ε

zg(qz − 1)(1− 1
qz )

(1− z)
Hg(z)dz +O(qgε)

and

Sg−1(V = �) =
qg+1

2πi

∮
|z|=q−1−ε

zg(qz − 1)(1− 1
qz )

(1− z)
Hg−1(z)dz +O(qgε),

where

Hg(z) =
∑
f∈A+

≤g
d(f):even

Af (z)

|f | 32 z
d(f)
2

∏
P |f (1− |P |−2z−d(P ))

and

Hg−1(z) =
∑

f∈A+
≤g−1

d(f):even

Af (z)

|f | 12 z
d(f)
2

∏
P |f (1− |P |−2z−d(P ))

.

Using the Perron’s formula (4.14), we have

Hg(z) =
1

2πi

∮
|w|=r2

B(z, w)

w(1− q3zw2)(q3zw2)[
g
2 ]
dw − 1

2πi

∮
|w|=r2

q3zwB(z, w)

1− q3zw2
dw (6.3)

and

Hg−1(z) =
1

2πi

∮
|w|=r2

B(z, w)

w(1− qzw2)(qzw2)[
g−1
2 ]

dw − 1

2πi

∮
|w|=r2

qzwB(z, w)

1− qzw2
dw, (6.4)
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where the second integrals in (6.3) and (6.4) are zero since the integrands have no poles inside the circle
|w| = r2 < q−1. Hence, we have

Sg(V = �) = q2g+1

(
1

2πi

)2 ∮
|z|=q−1−ε

∮
|w|=r2

zg(qz − 1)(1− 1
qz )B(z, w)

w(1− z)(1− q3zw2)(q3zw2)[
g
2 ]
dzdw +O(qgε)

and

Sg−1(V = �) = qg+1

(
1

2πi

)2 ∮
|z|=q−1−ε

∮
|w|=r2

zg(qz − 1)(1− 1
qz )B(z, w)

w(1− z)(1− qzw2)(qzw2)[
g−1
2 ]

dzdw +O(qgε).

Now, we use the formula for B(z, w) in (6.1) and the formula for
∏
P BP (z, w) in (6.2) to obtain that

Sg(V = �) = −q2g+1

(
1

2πi

)2 ∮
|z|=q−1−ε

∮
|w|=r2

F (z, w)dzdw +O(qgε)

and

Sg−1(V = �) = −qg+1

(
1

2πi

)2 ∮
|z|=q−1−ε

∮
|w|=r2

G(z, w)dzdw +O(qgε),

where

F (z, w) =
zg(1− 1

qz )
∏
P BP (z,w)

w(1−z)(1−qw)(1−q2zw2)(1−q3zw2)(q3zw2)[
g
2
]

=
zg(1− 1

qz )(1−qw
2)

∏
P DP (z,w)

w(1−z)(1−qw)(1− w
qz )(1−q2zw2)(1−q3zw2)(q3zw2)[

g
2
]
,

G(z, w) =
zg(1− 1

qz )
∏
P BP (z,w)

w(1−z)(1−qw)(1−q2zw2)(1−qzw2)(qzw2)[
g−1
2

]
=

zg(1− 1
qz )(1−qw

2)
∏
P DP (z,w)

w(1−z)(1−qw)(1− w
qz )(1−q2zw2)(1−qzw2)(qzw2)[

g−1
2

]
.

Shrinking the contour |z| = q−1−ε to |z| = q−2+
ε
2 , we don’t encounter any poles. We enlarge the contour

|w| = r2 < q−1 to |w| = q−
1
2−

3ε
4 , and we encounter two simple poles, one at w = q−1 and one at w = qz.

Then we have

Sg(V = �) =
q2g+1

2πi

∮
|z|=q−2+ ε

2

Res(F (z, w);w = q−1)dz +
q2g+1

2πi

∮
|z|=q−2+ ε

2

Res(F (z, w);w = qz)dz

− q2g+1

(
1

2πi

)2 ∮
|w|=q−

1
2
− 3ε

4

∮
|z|=q−2+ ε

2

F (z, w)dzdw (6.5)

and

Sg−1(V = �) =
qg+1

2πi

∮
|z|=q−2+ ε

2

Res(G(z, w);w = q−1)dz +
qg+1

2πi

∮
|z|=q−2+ ε

2

Res(G(z, w);w = qz)dz

− qg+1

(
1

2πi

)2 ∮
|w|=q−

1
2
− 3ε

4

∮
|z|=q−2+ ε

2

G(z, w)dzdw, (6.6)

where the third terms in (6.5) and in (6.6) are bounded by O(qgε). Now we evaluate the residues of F (z, w)
and G(z, w) at w = q−1 and w = qz, we can write

Sg(V = �) = Ag + Bg +O(qgε) and Sg−1(V = �) = Ag−1 + Bg−1 +O(qgε), (6.7)

where

Ag = −q
2g+1

2πi

∮
|z|=q−2+ ε

2

zg(1− 1
qz )
∏
P BP (z, q−1)

(1− z)2(1− qz)(qz)[ g2 ]
dz,

Bg = −q
2g+1

2πi

∮
|z|=q−2+ ε

2

zg(1− 1
qz )(1− q3z2)

∏
P DP (z, qz)

(1− z)(1− q2z)(1− q4z3)(1− q5z3)(q5z3)[
g
2 ]
dz

and

Ag−1 = −q
g+1

2πi

∮
|z|=q−2+ ε

2

qzg(1− 1
qz )
∏
P BP (z, q−1)

(1− z)2(q − z)(q−1z)[ g−1
2 ]

dz,

Bg−1 = −q
g+1

2πi

∮
|z|=q−2+ ε

2

zg(1− 1
qz )(1− q3z2)

∏
P DP (z, qz)

(1− z)(1− q2z)(1− q4z3)(1− q3z3)(q3z3)[
g−1
2 ]

dz.
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Lemma 6.4. We have

Ag +Ag−1 = − q
g+1

ζA(2)

1

2πi

∮
|u|=q1−

ε
2

(qg−2[
g
2 ](1− u)u[

g−1
2 ] + (1− q2u)u[

g
2 ])C(u)

(1− u)(1− qu)(1− q2u)ug
du.

Proof. We make the change of variables z = (qu)−1. Then the contour of integration will become the circle
around the origin |u| = q, and note that

∏
P BP ( 1

qu ,
1
q ) has an analytic continuation for q−2 < |u| < q. We

have

Ag =
qg+2

2πi

∮
|u|=q1−

ε
2

∏
P BP ( 1

qu ,
1
q )

(1− qu)2u[
g−1
2 ]

du

and

Ag−1 =
q2g+2

2πi

∮
|u|=q1−

ε
2

(1− u)
∏
P BP ( 1

qu ,
1
q )

(1− qu)2(1− q2u)(q2u)[
g
2 ]
du.

Now, add Ag and Ag−1 using the fact that (1− u)
∏
P BP ( 1

qu ,
1
q ) = C(u)

ζA(2)
(qu−1)
qu , we get the result. �

Lemma 6.5. We have

Bg + Bg−1 = c1q
g
3 +O(qgε),

where

c1 =
q

5
3 (1− q 2

3 )

3(1− q)(1− q 5
3 )

∏
P

(
1 +

1− |P | − |P | 73 + |P | 83
|P |3(|P | 13 − 1)(|P | 23 + 1)

)
.

Proof. Add Bg and Bg−1 to get

Bg + Bg−1 = −q
g+1

2πi

∮
|z|=q−2+ ε

2

h(z)dz

where

h(z) =
zg(1− 1

qz )(1−q
3z2)(qg−5[

g
2
](1−q3z3)z3[

g−1
2

]+q−3[
g−1
2

](1−q5z3)z3[
g
2
])

∏
P DP (z,qz)

(1−z)(1−q2z)(1−q3z3)(1−q4z3)(1−q5z3)z3[
g
2
]+3[

g−1
2

]
.

Note that the numerator of h(z) has a zero at z = q−
4
3 , so h(z) has no pole at z = q−

4
3 . Enlarging the

contour |z| = q−2 to |z| = q−1−ε, we encounter a simple pole at z = q−
5
3 of h(z). Note that

∏
P DP (z, qz) is

absolutely convergent when q−2 < |z| < q−1. Then, we have

Bg + Bg−1 = qg+1Res(h(z); z = q−
5
3 )− qg+1

2πi

∮
|z|=q−1−ε

h(z)dz,

where the second term is bounded by O(qgε). Hence, by evaluating the residue of h(z) at z = q−
5
3 , we can

get

Bg + Bg−1 =
q
g
3+

5
3 (1− q 2

3 )
∏
P DP (q−

5
3 , q−

2
3 )

3(1− q)(1− q 5
3 )

+O(qgε).

A simple calculation shows that DP (q−
5
3 , q−

2
3 ) = 1 + 1−|P |−|P |

7
3 +|P |

8
3

|P |3(|P |
1
3−1)(|P |

2
3 +1)

. Hence, we get the result. �

By combining (6.7) and Lemma 6.4 and 6.5, we complete the proof of Proposition 6.1.

7. Error from non-square V

In this section we will bound the term Sg(V 6= �) = Sog+S̃eg(V 6= �) and Sg−1(V 6= �) = Sog−1+S̃eg−1(V 6=
�).

Proposition 7.1. For any ε > 0, we have

Sg(V 6= �)� qgε

and

Sg−1(V 6= �)� qgε.
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To prove the proposition 7.1, we will use the following result in [7, section 7]. We have∑
C|f∞

C∈A+
m

|C|−2 =
1

2πi

∮
|u|=r1

1

q2mum+1
∏
P |f (1− ud(P ))

du (7.1)

with r1 < 1. For a non-square V ∈ A+ and positive integer n, let

δV ;n(u) =
∑
f∈A+

n

G(V, χf )

|f | 12
∏
P |f (1− ud(P ))

.

Then, if |u| = q−ε, then we have

|δV ;n(u)| � q
n
2 (1+ε)|V |ε. (7.2)

7.1. Bounding Sog and Sog−1. For ` ∈ {g, g − 1}, in (4.4) with (4.3), write So` = So`,1 − So`,2, where So`,1
and So`,2 correspond to the sum over V with d(V ) = d(f) − 2g − 2 + 2d(C) and d(V ) = d(f) − 2g + 2d(C)

respectively. Then, by using (7.1), we can write

Sog,1 =
q2g+

3
2

2πi

∮
|u|=r1

[ g−1
2 ]∑

n=0

1

q3n+
3
2

g−1∑
m=g−n+1

1

q2mum+1

∑
V ∈A+

2n−2g−1+2m

δV ;2n+1(u)du,

Sog,2 =
q2g+

1
2

2πi

∮
|u|=r1

[ g−1
2 ]∑

n=0

1

q3n+
3
2

g−1∑
m=g−n

1

q2mum+1

∑
V ∈A+

2n−2g+1+2m

δV ;2n+1(u)du

and

Sog−1,1 =
qg+

3
2

2πi

∮
|u|=r1

[ g−1
2 ]∑

n=0

1

qn+
1
2

g−1∑
m=g−n+1

1

q2mum+1

∑
V ∈A+

2n−2g−1+2m

δV ;2n+1(u)du,

Sog−1,2 =
qg+

1
2

2πi

∮
|u|=r1

[ g−1
2 ]∑

n=0

1

qn+
1
2

g−1∑
m=g−n

1

q2mum+1

∑
V ∈A+

2n−2g+1+2m

δV ;2n+1(u)du

with r1 < 1. Now, using (7.2) to bound δV ;2n+1(u) and trivially bounding the sum over V , we can get that
So`,1 � qgε and So`,2 � qgε, so So` � qgε for ` ∈ {g, g − 1}.

7.2. Bounding S̃eg(V 6= �) and S̃eg−1(V 6= �). For ` ∈ {g, g−1}, from (4.9) and (4.10) with (4.6), we write

S̃e` (V 6= �) = S̃e`,1(V 6= �)− S̃e`,2(V 6= �) + S̃e`,3(V 6= �)− S̃e`,4(V 6= �),

where S̃e`,1(V 6= �), S̃e`,2(V 6= �), S̃e`,3(V 6= �) and S̃e`,4(V 6= �) correspond to the sum over non-square V

with d(V ) ≤ d(f) − 2g − 3 + 2d(C), d(V ) = d(f) − 2g − 2 + 2d(C), d(V ) ≤ d(f) − 2g − 1 + 2d(C) and
d(V ) = d(f)− 2g + 2d(C) respectively. Then, by using (7.1), we can write

S̃eg,1(V 6= �) =
(q − 1)q2g+1

2πi

∮
|u|=r1

[ g2 ]∑
n=0

1

q3n

g−1∑
m=g−n+2

1

q2mum+1

∑
�6=V ∈A+

≤2n−2g−3+2m

δV ;2n(u)du,

S̃eg,2(V 6= �) =
q2g+1

2πi

∮
|u|=r1

[ g2 ]∑
n=0

q−3n
g−1∑

m=g−n+1

1

q2mum+1

∑
� 6=V ∈A+

2n−2g−2+2m

δV ;2n(u)du,

S̃eg,3(V 6= �) =
(q − 1)q2g

2πi

∮
|u|=r1

[ g2 ]∑
n=0

q−3n
g−1∑

m=g−n+1

1

q2mum+1

∑
� 6=V ∈A+

≤2n−2g−1+2m

δV ;2n(u)du,

S̃eg,4(V 6= �) =
q2g

2πi

∮
|u|=r1

[ g2 ]∑
n=0

q−3n
g−1∑

m=g−n

1

q2mum+1

∑
� 6=V ∈A+

2n−2g+2m

δV ;2n(u)du
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with r1 < 1. Now, using (7.2) to bound δV ;2n(u) and trivially bounding the sum over V , we can get that

S̃eg,j(V 6= �) � qgε for 1 ≤ j ≤ 4, so S̃eg(V 6= �) � qgε. The calculations for S̃eg−1,j(V 6= �) are similar to

the previous ones and we will not repeat it. Similarly, we obtain that S̃eg−1,j(V 6= �) � qgε for 1 ≤ j ≤ 4,

so S̃eg−1(V 6= �)� qgε.

8. Proof of Theorem 2.1

In this section we give a proof of Theorem 2.1 by combining the results from the previous sections. From
section 4, we have∑

D∈H2g+1

L(1, χD) =Mg +Mg−1 + Sg(V = �) + Sg−1(V = �) + Sg(V 6= �) + Sg−1(V 6= �).

By Proposition 7.1, Sg(V 6= �)� qgε and Sg−1(V 6= �)� qgε. By Proposition 5.1 and 6.1, we have

Mg +Mg−1 + Sg(V = �) + Sg−1(V = �) =
qg+1

ζA(2)

1

2πi

∮
|u|=r

α(u)du− qg+1

ζA(2)

1

2πi

∮
|u|=R

α(u)du

+ c1q
g
3 +O(qgε),

where r < q−2, 1 < R < q and α(u) = (qg−2[
g
2
](1−u)u[

g−1
2

]+(1−q2u)u[
g
2
])C(u)

(1−u)(1−qu)(1−q2u)ug . Recall that C(u) has an analytic

continuation for |u| < q and C(1) = 0 (see equation (5.2)). Note that the numerator of α(u) has a zero at
u = q−1 and u = 1, so α(u) has no pole at u = q−1 and u = 1. Between the circles |u| = r and |u| = R, the
integrand α(u) only has one simple pole at u = q−2. Then we have

qg+1

ζA(2)

1

2πi

(∮
|u|=r

α(u)du−
∮
|u|=R

α(u)du

)
= − q

g+1

ζA(2)
Res(α(u);u = q−2).

Now, by computing the residues of α(u) at u = q−2, we have

Mg +Mg−1 + Sg(V = �) + Sg−1(V = �) = c0q
2g+1 + c1q

g
3 +O(qgε),

which concludes the proof of Theorem 2.1.

�
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