MEAN VALUE OF THE CLASS NUMBER IN FUNCTION FIELDS REVISITED

JULIO C. ANDRADE AND HWANYUP JUNG

ABSTRACT. In this paper an asymptotic formula for the sum > L(1,x) is established for the family of
quadratic Dirichlet L-functions over the rational function field over a finite field F, with ¢ fixed. Using the
recent techniques developed by Florea we obtain an extra lower order terms that was never been predicted
in number fields and function fields. As a corollary, we obtain a formula for the average of the class number
over function fields which also contains strenuous lower order terms and so improving on previous results of
Hoffstein and Rosen.

1. INTRODUCTION

1.1. The number field case. In his famous Disquisitiones Arithmeticae [8], Gauss presented two con-
jectures concerning the average values of class numbers associated with binary quadratic forms over the
integers. For completeness and to put our problem in the right context we will restate Gauss’s conjectures
in the language of orders in quadratic number fields.

Let D denote an integer congruent to 0 or 1 modulo 4 and suppose that D is not a square. In this case,
D can be uniquely written as D = Dym? where Dy, m € Z and either Dy = 1 mod 4 or Dy = 4mg with mg
square-free and my = 2,3 mod 4. D is called a fundamental discriminant if m = 1.

Consider the quadratic number field Q(v/D). The maximal order in Q(v/D) has discriminant Dy, and it
is well known that there is a unique order Op C Op,, called the maximal order, such that [Op, : Op] = m.
We denote by hp the strict class number of Op, and, when D > 0, we denote by £p to be the smallest unit
in Op such that ep > 1 and NQ(\/E)/Q(&‘D) = 1. Finally, we denote by Rp = log(ep) to be the regulator of

the quadratic number field Q(v/D).

In [8], Gauss considered only binary quadratic forms ax? + 2bzy + cy? with a, b, c € Z, in other words, he
only considered even discriminants D = 4(b?> — ac). Recall that two quadratic forms are equivalent if it is
possible to transform the first form into the second through an invertible integral linear change of variables.
By defining this equivalence relation on the set of quadratic forms we have equivalence classes that will be
called classes of quadratic forms. Gauss showed that the number of such equivalence classes of quadratic
forms with discriminant D is finite. Let Ap denote this number, we also call hp the class number.

We now will present Gauss’s conjectures reformulated in a more modern language.

Conjecture 1.1 (Gauss). Let hp be the class number defined as above.

(1) Let D = —4k run over all negative discriminants with k < N. Then

4
Z hp ~ —1 _N%, (1.1)

1<Den 21¢(3)

as N — oo and where ((s) is the Riemann zeta function.
(2) Let D = 4k run over all positive discriminants such that k < N. Then
4%
S hpRp~ %N’ (1.2)
i ¢(3)

The first conjecture (1.1) was first proved by Lipschitz [15] and better error terms were obtained by
Mertens [17], Siegel [21] and Vinogradov [25]. The second conjecture (1.2) was first proved by Siegel [21].
Siegel was also able to average hp and hpRp over all discriminants.

Theorem 1.2 (Siegel). With the same notation as before, we have that
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1<§D:<NhD 18< )N2 + O(Nlog N). (1.3)
(2)
1<DZ<NhDRD 18<( )N +O(Nlog N). (1.4)

In [20], Shintani proved a sharper version of part (2) of the above theorem.
Let ¢p(n) = (£) denote the Kronecker symbol. We can associate to this symbol the following Dirichlet

series
o0
-y e
n=1 n®

A well-known result of Dirichlet, known as Dirichlet’s class number formula, states that

2nhp . if D < 0,

L(1,9p) = { “2VIP (1.5)
% if D >0,
where wp denotes the number of roots of unity in Op. In fact, wp = 2 except when D = —4 or —6, when
wp = 4 and 6 respectively. With this notation, we can summarize Siegel’s result in a single formula
1
> L(l,yp) = EE ;N +O(NZlogN), (1.6)
1<+D<N

where the sum is to be understood as a sum over all positive discriminants D between 1 and N, or all
negative discriminants D such that 1 < |D| < N. In fact, Theorem 1.2 follows from (1.5), (1.6) and partial
summation.

A natural question that arises from equation (1.6), that was studied by Takhtadzjan and Vinogradov in
[23], is about averaging L(s,1¢p) at other points besides s = 1.

It is important to note that all the mean values quoted above are averages over all discriminants. But we
can also consider the problem of averaging over fundamental discriminants. In 1979, Goldfeld and Viola [10]
put forward a few conjectures about averages over fundamental discriminants and Jutila [13] proved such
conjecture in 1981 for s = 3. Then, in 1985, Goldfeld and Hoffstein [9], using Eisentein series of %-integral
weight, generalized Jutila’s result and proved a result valid for all s with Re(s) > % We will state some of
these results but before, we need the following notation. Let m denote a square-free integer and let x.,(n)
be the quadratic Dirichlet character associated to the quadratic field Q(v/m). We will state Goldfeld and
Hoffstein result for Re(s) > 1 and refer the reader to their paper [9] for the full result.

Theorem 1.3 (Goldfeld and Hoffstein). Let € > 0 be given. For Re(s) > 1,

Z L(s,xm) =c(s)N + O(N%Jra)’ (1.7)
1<tm<N
where 5
c(s) = 11~ 272)¢(2s) [J(1 —p2 = p~ 27 +p272).

p#2

The sum is either over positive square-free m between 1 and N, or over negative square-free m with
1 < |m|] < N. If we set s = 1 in the above theorem and using Dirichlet’s class number formula, one can
average h,,, the class number, or h,, R, the class number times the regulator, over the fields Q(y/m).

We now state Jutila’s result and some of its developments. Jutila proved a first moment for quadratic
Dirichlet L-functions at the centre of the critical strip.

Theorem 1.4 (Jutila). As x — oo we have that

> L) ~ oD rlog, (19

o<m<zx

where
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Goldfeld and Hoffstein [9] improved the error term in Jutila’s result and Young [26] showed that the error
term is bounded by 22+ if we consider a smooth version of this average value. In the same paper, Jutila also
obtained a second moment for this family of L-function. Soundararajan [22] in a tour de force established
an asymptotic formula for the third moment for this family of L-functions. It is conjectured that

> L xm)F ~ Cra(log ) +1/2, (1.9)

0<m<zx

where the sum is over all fundamental discriminants. Keating and Snaith [14] conjectured a precise value for
C), using random matrix theory calculations. There is a more elaborated conjecture due to Conrey, Farmer,
Keating, Rubinstein and Snaith [6] for the integral moments, and the formulas include all the principal lower
order terms. The conjectures agrees with the computed first three moments.

Let m > 0 and square-free and Q(y/m) be the associated quadratic fields. Then L(—1,x.,) is related to
the order K5(O,,) by a conjecture of Birch and Tate, where K5(O,,) is the algebraic Ks group defined as
the center of the Steinberg group St(O) or as the Schur multiplier of the group of elementary matrices. For
more details see [16].

By using the functional equation we can relate L(—1, X ) to L(2, o). And so setting s = 2 in Theorem 1.3
allows us to average the size of the K5(O,,) groups, modulo the conjecture. In number fields, the conjecture
is known up to powers of 2 due to a result of Mazur and Wiles [16]. In function fields, the analogue of this
conjecture was proved by Tate [24]. We investigate the mean values of K, groups in function fields in a
future work [2].

In 1982, Sarnak [19] investigated the asymptotic average behavior of hp over the exhausting family of
sets, Dpr = {D €Dp:ep <z} asx — oco. Here, D, = {D € D : p | yp} where D is the set of positive
ring discriminants, that is, D is such that D > 0 and D = 0,1 mod 4 with D not a square. We have that
p > 3 is a prime, or p = 1 when D; = D and (xp,yp) is the fundamental solution of the Pellian equation
22 — Dy? = 4. We also denote ep to be

_Zp+ ypVD
—
With this notation, the main result in Sarnak’s paper [19] is given below.

Theorem 1.5 (Sarnak). Lety > 2. Then

1 16 Li(z?)
Pl DeD, .

1 ifp=1,
Cp = 1+p2 . >3
p(p?—1) fp=3,

and Li(u) = [,'(1/logt)dt as in the ordinary prime number theorem and |A| denotes the cardinality of the
set A.

where

In fact, Sarnak’s theorem shows that in this ordering the size of hp is about the size of hp over the sets
Dp,. Sarnak, in the same paper, also obtains several other interesting results about hp.

Theorem 1.6 (Sarnak). With the same notation as before, we have that
m 3
> hp=Li@?) + O(x? (logz)?), (1.11)
{DeDy:ep<z}

(2)

332
Z thogeD:?—kO(x
{DeDy:ep<z}

e

(log z)°) (1.12)

as r — 00.

The main idea in Sarnak’s paper is to connect the quantities hp and logep to lengths of closed geodesics
on the Riemann surfaces H/I'(p), where H is the Lobachevskii plane with its non-Euclidian metric, and
['(p) is the principal congruence subgroup of PSL(2,Z) of level p and then use the Selberg trace formula
to investigate the asymptotic behavior of these lengths and so obtaining the desired results about the class
number.
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1.2. The function field case. We consider now the average values of the class number in the context of
function fields over finite fields. Before we state the main result of this paper we will set up some of the
function field notation that will be used in the rest of the paper.

Let F, be a finite field with ¢ elements. We assume that ¢ = 1 mod 4. We denote by A = F[t] to be the
ring of polynomials over F,. Let k = F,(¢) be the rational function field over F,. We also denote by AT to
be the set of monic polynomials in A. The norm of a polynomial f € A is defined to be |f| = ¢%°&/) and
the zeta function associated to A is defined to be

Cals) =Y % = 17% (1.13)

q

S we have that

Cals) = Za(u) = 1_1qu- (1.14)

If we use the more convenient variable u = ¢~

Let K/k be a quadratic extension and Ok be the integral closure of A in K. The arithmetic of Ok was
first considered by E. Artin [5]. It is well-known that Ox = A[\/mg] where mq is a square-free polynomial
in A. We can relabel O as O,,, and set h,,, equal to its class number. If m = mgom? then h,, = |Pic(O,,)|
where Pic(O,,) is the Picard group of O,,.

Consider D € A a square-free polynomial and put Op = A[v/D]. In this case, Op is a Dedekind domain
and the associated class number hp is equal to |Pic(Op)|. For more details see [18, p. 315]. The main aim
of this paper is to investigate the average value of these numbers.

Let D € A be a monic and square-free polynomial. We can define the quadratic character yp using the
quadratic residue symbol for A by

D
xp(f) = (f) : (1.15)
and the associated L-function by
L(s.xp) = Xj’flf ) (1.16)
feAt

Using [18, Proposition 4.3] we have that L(s, xp) is a polynomial in u = ¢~* of degree at most deg(D) — 1.
For more details about quadratic Dirichlet L-functions in function fields see [3].

We also will fix the following notation. A will denote the set of monic polynomials of degree n in A. Let
A;n ={f € AT :deg(f) <n}and A‘gn = {f € AT : deg(f) > n}. For square-free polynomials we have that
H={f €At : fissquare-free} and H,, = {f € H : deg(f) = n} = HNA;. To make the notation clearer
we will denote by d(f) = deg(f), the degree of f for any f € A.

Hoffstein and Rosen in their beautifil paper [11] proved a series of results about average values of class
numbers in function fields. For example, for the average values over all discriminants they have the following
results.

Theorem 1.7 (Hoffstein and Rosen). Let m be odd and positive. Then

1 h = CA(2)q% -1

— D —q
m 3
" Ca(3)

(1.17)

Theorem 1.8 (Hoffstein and Rosen). Let m be even and positive. The following sum is over all non-square
monic polynomials of degree m. Then we have that

qim Y hpRp=(g—1)7" {gig;q’" - (2 + (1 - ;) (m — 1)) } : (1.18)

A problem which is more difficult is to average the class number over fundamental discriminants, i.e.,
over D € A with D square-free. With the help of functions defined on the metaplectic two-fold cover of
GL(2,ks), where ks is the completion of k at the prime at infinity, Hoffstein and Rosen [11] were able to
establish the following theorem that can be used to prove asymptotic formulas for the average of the class
number over square-free polynomials.

Theorem 1.9. Let € > 0 be given and assume s € C with Re(s) > 1.



MEAN VALUE OF THE CLASS NUMBER IN FUNCTION FIELDS 5

(1) If M =2n + 1 is odd, then

(@=1)7 @™ = ¢ L(s, Xm) = Ca(2)Ca(25)c(s) + O(q "), (1.19)

m

where the sum is over all square-free m € A such that deg(m) = M and

c(s) = [J(1 = [PI72 = |P|7Cs+D 4 | P~ C42))
P

is a product over monic and irreducible polynomials.
(2) If M = 2n is even, then

27 (g = 1)@ = ™) T D L(s, xm) = Ca(2)¢a(25)e(s) + O(g "), (1.20)

where the sum is over all square-free m € A such that deg(m) = M and the leading coefficient of m
is 1, or over all square-free m with deg(f) = M and the leading coefficient of m is —1.

In a recent paper, Andrade [1] by using the approximate functional equation in function fields and the
Riemann hypothesis for curves over finite fields to estimate non-trivial character sums in function fields was
able to establish the average value for the class number in function fields when the average is taken over
fundamental discriminants.

Theorem 1.10 (Andrade). Let F, be a fized finite field with ¢ = 1 mod 4. Then

3
> hp= 1\7/;19(2) +0(|D)), (1.21)
DeHagt1

as deg(D) — oo and

Pis)= ] (1—<|P|+11>|P|s)'

P monic
irreducible
By using the same techniques as those developed by Andrade in [1], Jung [12] was able to establish the
average value of the class number times the regulator in the same context as in the previous result.

Theorem 1.11 (Jung). With the same notation as before, we have that

3
_ P2 2
> hoko =22 pe) 4 o). (1.22)
DeHogyo2 q

as deg(D) — oo and Rp is the regulator associated to D.

To conclude this section we want to discuss one last result. Recently, Florea [7] established an asymptotic
formula for the first moment of quadratic Dirichlet L-functions in function fields. She obtained a strenuous
lower order term that had not appeared in the previous work of Hoffstein and Rosen [11] and Andrade and
Keating [3]. The core of the idea to obtain such a lower order term is to use the Poisson summation for
function fields.

In this paper we use the Poisson summation, as developed by Florea in [7], to obtain an extra main term
for the average value of the class number in function fields. With this, we are able to go beyond the results
of Hoffstein and Rosen [11], Andrade [1] and Jung [12] related to the average value of the class number. The
paper is organized in the following way. In the next section, we state our main result and the new formula
for the average value of the class number in function fields. In Section 3 we present a few preliminary results
that will be used in the rest of the paper. In Section 4 we set up the problem and present the basic strategy
of how the main calculations will be carried out. In Sections 5 and 6, we compute the main terms in the
asymptotic formula. We handle the error term in Section 7 and we conclude the proof of the main result in
Section 8.
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2. THE MAIN THEOREM

Our main results are now presented.

Theorem 2.1. Let F, be a fized finite field with ¢ a prime number such that ¢ =1 mod 4 and € > 0. Then,
as g — 0o, we have

> L(,xp) = cog® ™ + e1g® + 0(¢%), (2.1)

DeHag+1

where

1 g3(1—¢3 1 |P| - |P|5 +|P|5
D) g )
E [PI(1+|P[) 31-q)(1-q3) [PI(IP|3 = 1)(IP5 +1)
To obtain a formula for the average of the class number hp we will make use of the following analogy of

Dirichlet’s Theorem due to Artin [4].

Theorem 2.2 (Artin). For any D € Hogt1, we have

L(1,xp) = hp. (2.2)

V.
VID|
We now have all the ingredients to obtain an asymptotic formula for the average of the class number hp.

Corollary 2.3. For e > 0 given and with the same notation as before, we have that

Z hp = cog® ! + c1g® +0(¢?0+9).
DeHogi1

In light of the analogy between number fields and function fields we make the following conjecture for the
classical case.

Conjecture 2.4. For e > 0 and using the same notation as those of Theorem 1.2 we have that

l1
Z hD—C‘().N'2 +C1N3 +O( 2 +€))7

1<-D<N

for some positive constants Cy and Cf.

3. PRELIMINARIES AND BACKGROUND

For any D € Ha441, we have from [3, Equation (3.23)] that

L(1,xp) = X?f(f) +qig > xolh)

+
feAgg fe A<q 1

It follows that

Z L(1,xp) = Z |f| Z xp(f Z Z xp(f)- (3.1)

DeHagyr fe A* DeHagia feAJr _, DeH2g41
We state two lemmas that will be used in the calculations to follow.

Lemma 3.1. Let f € AT. Then

dooxn)=Y > xyH-qg>, > xs(H),

DeHtzgta Clf*™ Heat Clf> Heal

2g+1—-2d(C) 2g—1-2d(C)

where the first summation is over C € AT whose prime factors are among the prime factors of f.

Proof. This is Lemma 2.2 in [7]. O
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We now state a version of Poisson summation over function fields. For a € Fq((2)), let e(a) := e?>™a1/4,

where a; is the coefficient of % in the expansion of a (for more details, see [7, §3]). For x a general character
modulo f, the generalized Gauss sum G(V, x) is defined as

AV
o= 3 e ().
A mod f
The following Poisson summation formula holds.
Lemma 3.2. Let f € AT and let m be a positive integer.
(1) Ifd(f) is odd, then

m+1
q 2
> xp(M) = 7l > G(Vixp) (3.2)
MGAL VEA;(f) m—1
(2) Ifd(f) is even, then
qm
D s =1 [COx+a=-D) D, G- ) GV |- (3.3)
MEA% VeA;d(f)fnL72 VEA;(f)—vn—l
Proof. This is Proposition 3.1 in [7]. O

Remark that G(0, xr) is nonzero if and only if f is a square, in which case G(0, xs) = ¢(f), where ¢(f)
is Euler’s phi-function for polynomials in Fy[t].

4. SETUP OF THE PROBLEM

Invoking (3.1) and Lemma 3.1, we can write

Z L(la XD) = Sg + 89—1;

DeMagia

where
Z Z > xs(H) ¢ Z > > xH)
fe;v Cce|1;;°° H€A2q+1 24(C) feA ng’: lHeA;g_l_M(c)

and

> X Yo ).

i +
le HEAS, | 54009

g 2 > 2 ul)-

o0
feA<g , CIf HeAzg+1 24(C) feA<q .

+
CEASJ C€A<g 1

Using the fact that (for details see section 4 in [7])

> 1<,

clre=
CeA}

we can see that the terms in S; and Sy corresponding to C € A; are bounded by O(g%¢). We rewrite

= > |f| > s(£:0)+0(™) (4.1)

feat, Clf>
CeAig )
and
— > ) s(O)+ 00, (4.2)
feA<q . Clf~
Cceat,
where
s(f;C) = > xf(H) —q > Xy (H).
HEA;g+172d(C) HeAg-g—l—mi(C)
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For £ € {g,g — 1}, write Sy = SY + S§ + O(q?¢), where S and Sy denote the sum over f € AT £y of odd and
even degree respectively. By using (3.2), if d(f) is odd, then

()= T o0
s(f;0) = —x—55°(f;
|fIZ|C?
with
So(f‘C) . Z G(V Xf) 1 Z G(‘/? Xf) (43)
VGA;(f) 2g—2+42d(C) |f‘ VGA:(f) 2g+2d(C) |f|
Hence, we have
3 1 s°(f;C)
o 2 )
Sg =4q g+5 Z |f| Z |C|2 (44)
feat, Clf=
d(f): odd Ceat,
and
3 1 s°(f;C)
o _ _g+3 l
S 2 A o (45
fe&xggf1 C|f°°
d(f):odd Ceal,
By (3.3), if d(f) is even, then
G(0,x5) ¢**! g*9t!
s(f;C) = + — se(f; C
U ="o imer intept VO
with
q G(V, Xf) G(V,xy)
$°(f;C) = > > ——l
¢a(2) 3
VEAL (4)—2g-s+24(0) 1 VGA;(f) 2g—2+24(C) d
. 1 Z G(V,xy) + L Z G(V, Xf)- (4.6)
@ iz a |f|2
VeA Vea

<d(f)—2g9—142d(C) d(f)—29+2d(C)

Write Sy = M, + SZ and §;_; = My1 + Se_l, where

2g+1 1
DD S DL (@1
LEM e clr
(3 ceaf, |
gt o(L?) 1
M=o 20 ToE 2. jop (“8)
A Leat Clf=
S[%] CEAZQ L
and
~ 1 s¢(f;0)
e 2 1 3
Sg:q9+ Z f\ Z Cc)2 (4.9)
feA+ | Clf>
d(f): even CEAEQ 1
5 1 5°(f;0)
8571:q9+1 Z W Z CE (4.10)
feat clf=
d(f):even CGAEQ 1

For ¢ € {g,9 — 1}, let §(V = 0) be the sums over V' square in S and S§(V # 0) be the sums over V
non-square in S§. Then S§§ = S;(V = 0) + S§(V # 0). When V = L2, write

S,(V=0) =g*"! Z 1 Z %’20) (4.11)
d(f) even CeAzg 1
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and
1 si(f; C)
Sy_1(V =0) = ¢oH! RS 4.12
feaf, C’IJjr
d(f):even CEASg_l
with
q G(L* xy) G(L* xy)
e(f;C) = . _
sl:l(f ) CA(Q) et Z |f|§ ent Z |f|%
<UD 5 spaco AP g 1ta(0)
1 G(L?, 1 G(L?
(2 |f|z a. . | f]2
LeA LeA
<D _y_14a(0) 4D _gta(o)

Note that in (4.3), since d(f) is odd, d(V) is also odd, so V cannot be a square. For ¢ € {g,g — 1}, define
Se(V #0) =8 + Ss(V # 0). We will bound Sy(V # 0) and S,_1(V # 0) in section 7.

An immediate application of Cauchy’s theorem and the formula for the geometric series give us the fol-
lowing Lemma, which is the function field analogue of Perron’s formula, or if you prefer Tauberian theorems.

Lemma 4.1. If the power series H(u) =3 cp+ a(fulf) converges absolutely for |u| < R < 1, then

3 alf) = 217”?{ » i(fl) du (4.14)
feay “=
and
_ 1 H(u) »
> alf) = 27 fn (= wyu u)unﬂd . (4.15)

feA;n

5. MAIN TERM

In this section we compute the main terms M, and M,_;. Put

ud(P)
c(u) =] (1 - 1+|P|) : (5.1)

P
which is analytic in |u| < 1. We may further write
a(P)

et =2 (3) {1+ pmim =) = 0O LL (4 o) 62

P P

which furnishes an analytic continuation of C(u) to the region |u| < ¢ .
The next proposition is the main result of this section.

Proposition 5.1. For any € > 0, we have that

@1 f (¢ 2811 —wul*T] + (1 - Pu)ulf)C(u)
Ca(2) 2mi Jyyj=, (1= w)(1 =~ qu)(1 - Pujus

Mg+ Mgy = du+ O(g%), (5.3)

where r < ¢~ 2.

Proof. From (4.7) and (4.8) with the facts that

2
> o =T 1Pra o) ana G5l = Tla - 1P

clr= €] PIf

P|L
Ceat,
we obtain
2g+1 1
q
My =-"— +0(q%)
2 2 (L2 Tp (L + [P]71)

Leat
€Ay
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and
qg-i- 1

1 ge
My 1= Ca(2) Z + O(¢%°).

Leat HP|L(1+|P|_1)
<145

g—1

2
By Perron’s formula (4.15), we have

2g+1
q 1 7{ A(u)
= 9 9 d
M Ca(2) 27 Jjy)=r u(1 — q2u)(q?u)!3] Y

and

¢t 1 7{ A(u)
Mg1=cnos @ oy
o Ca(2) 2mi Jyy)=r (1 —w)ulz 141 “

2

where r < ¢7 and

A(u) = Z u?) H(l +|P7H~h
LeA+ P|L
By multiplicativity, we may write
[Pl u'® C(u)
= 1 = Z = .
Alu) 11:[ ( TP 1= v (Wew) = 1= u

By inserting (5.6) in both (5.4) and (5.5), and adding M, and M _, we get the result.

6. CONTRIBUTION FROM V SQUARE
In this section, we will evaluate the terms Sy(V = 0) and S;—1(V = 0).
Proposition 6.1. We have that

g—1

g+l 1 9-2041(1 — )l & (1 — o2u)uld]
Sy(V =)+ 8, 1(V=0) =2 ¢ (¢ 2811 —wul* ] + (1 - Puul)C(u)
lul=q" "%

Ca(2) 2mi (1 —u)(1— qu)(1 — ?u)ud
+e1q5 + 0(g%),

oo _ai-d}) H<H1mwﬁ+w@>_
30 -1 —a%) H T PROPE - D(PIE +1)

where

For |z| > ¢72, put
wd(f)Af(z)

B = 2 M p 2

feAt
with o2
Ay = 3 X
LeA+ Il
For a proof of Proposition 6.1, we need the following two lemmas (see [7, section 6]).

Lemma 6.2. For |z| > q~2, we have

B(z,w) = Z(2)Z(w) Z(qzw?) H Bp(z,w),
P

where
d(P) 2yd(P)| p|2 2,0)4(P) | p|2 2,,3)4(P)| p|2 2\d(P)| p 3yd(P) | p
BP(Z,’LU)_I ( ) |P| ( ) | Ld(()‘ |2) T |P| ( ) |P|—( ) | |

Moreover, [1p Bp(z,w) converges absolutely for |w| < q|z|, |w| < ¢ 2 and |wz| < ¢,

Lemma 6.3. We have

du

w
2y—1
[[Brzw) =2 <2Z> Zw?) " [ Dr(z,w),
P q P
where
3d(P) da(P)
_w2d(P) _w T _,’_ZdzézP)‘P‘Q+(zw2)d(P)‘P|+(zw2)d(P)_(z2w)d(P)|P|2+(zw3)d(P)_(z2w2)d(P)|P|2
DP(Z,’LU) =14+ (24P P|2—1) (14+wd(®))

(6.2)
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Moreover, [1p Dp(z,w) converges absolutely for |w|* < q|z|, |w| < ¢*|z|?, |w|] <1 and |wz| < ¢~ .

6.1. Proof of Proposition 6.1. From (4.13), using Cauchy’s formula (4.15), we obtain

1 (g2 = 1)(1 = 5)As(2)

e 0 = —
SI:l(fv ) 27 (1 _ Z)Z%—g—&-d(C)

Hence, from (4.11) and (4.12), it follows that

29+ 29(qz — 1)(1 — q%) Ag(2) 1
S(V=0) =55 flil_qle 1-2) erAé 1222 sz; [Cpz@ %
d(f):even ceal,
and
g+1 29(qgz—1)(1- L Ar(z 1
Sy-(V =0) = flil_q“ ( a —)(z) : )fe%: f|1fz(d()f> c%; [l
d(f)oven ceat, ,
Write

1 _ —2_—d(P)y—1 1
Z C]224(C) _H(1_|P| D R Z C]224(C)

C|f= P|f C|f
CeA;F1 Ceégg

and using the fact that (see [7, Proof of Lemma 6.1])

1
- g(e—1)
CeAJng
we obtain
2g+1 Zg(qz _ 1)(1 _ i)
q - )
S (V=0 = 7 (d O(a?
ol ) 271 j{zl_q_l_e (1-2) g(2)dz 4+ O(¢%9)
and
1
qg+1 % Zg(qz _ 1)(1 _ q7)
S — V = |:| = H._ d O ge
g—1( ) om0 J g = g—1(2)dz + O(¢79),
where
Ay (2)
Hy(z) =
g er:Az |f|32@ lef(1_|P|—2Z—d(P))
d(f):e;Zn
and

Ay(2)
Hy1(2) = Z 1 dp) :
seut., 1B Ty (1 = |PI=20P)

Using the Perron’s formula (4.14), we have

1 1 3
Hy(2) = — Bz w) —dw — — THOPA ) Zw83(z’f) dw
270 Jywj=ry w(1 = ¢32w?) (g3 zw?)12] 21 Jjwj=r, 1= @P2w
and
1 B(z,w) 1 qzwB(z, w)
Hy 1(2) = Tf o] T}[ T2
T Sjw|=rs w(1 — gzw?)(qzw?)! "2 T S |w|=rs qzw
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where the second integrals in (6.3) and (6.4) are zero since the integrands have no poles inside the circle
|w| =7y < ¢~ Hence, we have

17 29(qz — 1)(1 - 5)B(z, w)
S (V=0 = 2g+1< ) 74 % 4z dzdw + O(¢%¢
Il )=4q o elmg-1—e Jjwlmry w(1 — 2)(1 — q3zw2)(q3zw2)[§] zaw (¢”)

and

2 29(qz — 1)(1 — L)B(z,w
Sy (V =0) = g7 <1> % 7{ < i qz) ( 9)71 dzdw + O(¢%°).
2mi zl=q—1—¢ Jjw|=ry w(1 — 2)(1 — qzw?)(qzw?)l*z"]

Now, we use the formula for B(z,w) in (6.1) and the formula for [, Bp(z,w) in (6.2) to obtain that

1 2
Sg(V = |:|) = ,q29+1 () jf % F(z,w)dzdw + O(qgé)
27'” ‘Z‘:q,1,€ |w|:r2
and
1 2
Sqq(V = D) = _qg+1 () f f G(z,w)dzdw + O(qge>7
’ 211 o1 _
|z|=q |w]|=r2
where
z -= z,w 29(1— L) (1—qw? w
F(zw) = Y(1-2)I1p Br(zw) = 9(1- 2)(1—qu?) [1p Dp(z.w) .
w(l—2)(1—quw)(1—g?zw?)(1—-g%2w?) (¢ 2w?) 2 w(l—2)(1—qw)(1-2£)(1—q?zw?)(1—g3zw?)(q3 z2w?) 2
G(z,w) = 29(1— ) I1p Bp(z.w) = 29(1— 1) (1—qu?) [T, D (z,0) -
w(1-2)(1=qu)(1-?zw?) (1-gzw?)(qzw?) T} w(l-2)(1-qu)(1-£)(1-g*zw?)(1-gzw?)(gzw?) 73]

Shrinking the contour |z| = ¢7!7¢ to |z| = ¢~2*2, we don’t encounter any poles. We enlarge the contour

1

1_ 3e . _
|lw| =72 < ¢~ to |w| = ¢ 271, and we encounter two simple poles, one at w = ¢! and one at w = qz.

Then we have

q2g+1 ) 2941
S =E= 2mi jil—q“; Res(F(zyw)iw =g )dz + 271 ?{zl—qﬂg Res(F(z,w); w = qz)dz
1 2
_ 2g+1 (&
! <2m'> % —g ¥ 7{ oy Pl w)dedw (6.5)
lwi=q lzl=q
and
qg+1 » qg+1
Sy (V=0)= omi 7{Z_q2+§ Res(G(z,w);w = ¢~ 1)dz + o 7|{z|_q2+5 Res(G(z, w); w = qz)dz

2
1
_ ,9t1 - G Z,w dZd’LU’ 66
q (27m> fjwl—q‘é‘?’f fz_q_2+§ ( ) (6.6)

where the third terms in (6.5) and in (6.6) are bounded by O(¢%¢). Now we evaluate the residues of F(z, w)
and G(z,w) at w = ¢~ and w = ¢z, we can write

Sg(V=0)=A,+B,+0(¢?) and Sy_1(V =0) = Ag_1+ Byg—1 + O(¢?), (6.7)
where
2g+1 29(1—- L Bp(z,q7*
Ag:_q . j{ ( q;)HP P( [g})dz,
210 Jiz=g~2+5 (1= 2)%(1 —g2)(g2)'2
5 q29+! j{ 29(1 — qiz)(l —¢2*) 1, Dp(2,q2)
= — g zZ
"T 0w Sy s To 0 @)1 — @)1 — @) ()l
and
g+1 gz9(1 — L Bp(z,q7 !
P 0= Brla™)
210 Jjzj=q2+5 (1 - 2)%(g — 2) (¢~ 1)l
5 A j{ 29(1 — qiz)(l —¢2°)[1p Dp(2,q2)
= — - —y z
2w e (1= 2)(1 - 22)(1- gt (1 - P (P2



MEAN VALUE OF THE CLASS NUMBER IN FUNCTION FIELDS 13

Lemma 6.4. We have

.Ag + .Ag_1 = du.

s L?{ (¢#=281(1 — w)ul*=) + (1 = uw)ulshC(u)
Ca(2) 2mi Jjy =gt -5 (1—u)(1—qu)(1 —q?u)u9

Proof. We make the change of variables z = (qu)~!. Then the contour of integration will become the circle

around the origin |u| = ¢, and note that [, Bp(q%, %) has an analytic continuation for ¢=2 < |u| < ¢. We

have
g+ [1pBr(ga )
Ag:2, 16—2[Edu
T Jjul=¢*~% (1 — qu)?ul™=
and
A q29+2 7{ 1—-u)]lp Bp(qiu, %) "
T omi flu—es (- qu(l - ¢u)(¢Pu)d]

Now, add A, and A,_; using the fact that (1 —u)][]p Bp(q%, %) = %((127;1)7 we get the result. O

Lemma 6.5. We have
By +Byg—1 = Clq% +O0(¢%),

SUVACEY N PO T B [
- P 1 2 .
31-a(l-aH) 5\ IPPOPIT = DIPF +1)

where

Proof. Add B, and By_1 to get

qg+1
By+ By =1 ]{Z_q_H; h(z)dz

where

- _579 g—1 _3r9-1 5 g
29(1- L) (1-¢%2%)(¢? 121 (1-¢%2%)2° 2 140 * 1727 1 (1-472%)2°12)) [T, D (2,02)

ar 9 , —1
(1-2)(1-¢%2) (1—g323) (1—q12%) (1—¢523) (31 #3055

h(z) =

Note that the numerator of h(z) has a zero at z = ¢~ 3, so h(z) has no pole at z = ¢~3. Enlarging the
contour |z| = ¢~2 to |z| = ¢~ 17, we encounter a simple pole at z = ¢~ of h(z). Note that [[, Dp(z,gz) is
absolutely convergent when ¢~2 < |z| < ¢~1. Then, we have

g+1
By + Byt = " Res(h(z)iz =a =S f  wea
2 |z|=q—1-¢

where the second term is bounded by O(¢%). Hence, by evaluating the residue of h(z) at z = ¢~ 3, we can
get
g5 51— ¢5)[1pDrla 5.4 %)
3(1-¢)(1-¢5)
z 8
1-1P|—|P|§ +|P]5
[PIR(PIS —1)(1P|5+1)

By + By = + O(¢%).

A simple calculation shows that Dp(q~3,¢73) =1+

. Hence, we get the result. (I
By combining (6.7) and Lemma 6.4 and 6.5, we complete the proof of Proposition 6.1.

7. ERROR FROM NON-SQUARE V

In this section we will bound the term Sg(V # O) = S§+5;(V #O)and Sg_1(V #0) = Sg,l—i-gge,l(V #*
0).

Proposition 7.1. For any € > 0, we have
Sy(V #£0) <« ¢
and

Sy (V £ D) < ¢~
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To prove the proposition 7.1, we will use the following result in [7, section 7]. We have

PO L du (7.1)

i 21 Jjup=r, @ w Ly (1 = w9)

CeA,

with 71 < 1. For a non-square V € AT and positive integer n, let

G(V,xy)
5V;n(u) = 1 .
fgi |12 TLpy (1 = ut)

Then, if |u| = ¢~¢, then we have
6y (u)| < g2V (7.2)
7.1. Bounding S) and S;_;. For £ € {g,g — 1}, in (4.4) with (4.3), write S¢ = &9, — &7,, where Sp,

and S, correspond to the sum over V' with d(V) = d(f) —2g — 2+ 2d(C) and d(V) = d(f) — 2g + 2d(C)
respectively. Then, by using (7.1) we can write

¢29+3 ]{ = 91 1
o
1= Z Z 6V;2n+1(u)duv
T2m Ju=n 2 q3"+2 gFmumt

m=g—n-+1

+
VEA2‘n,—2g—l+27n

2q+2]{ 91 1

o

o= Y ot Y Sveen(wdu
g 27-” \u|_7“1 = q3n+2 q2mum+1

m=g—n VeA;n,—2q+l+2m
and
g+3 [q21] g—1 1
o -1 Y Y Svann(wdu
g—1,1 271 -~ qn+2 q27num+1 i2n+ ’
lul=r1 n=o m=g—n+1 VEA, 5y 142m
g+ [921] g—1 1
o il Y Gvsen(w)du
g—1,2 = 2 n+l 2m,,m+1 i2n+1
7TZ |u|—r1 O q 2 — q u +
n= m=g—n Ve, agiitom

with 1 < 1. Now, using (7.2) to bound dy 2,41 (u) and trivially bounding the sum over V, we can get that
8Py < ¢ and Sp, < ¢9%, 50 §p < ¢% for £ € {g,g — 1}.

7.2. Bounding S;(V # [J) and 5;_1(‘/ #0). For ¢ € {g,g—1}, from (4.9) and (4.10) with (4.6), we write
SHV #D) = Siu(V # D) = Sio(V # 0) + Sia(V £ D) = SV # D),

where S5, (V # 0),85,(V # 0),85 5(V # 0) and S§ (V' # O) correspond to the sum over non-square V
with d(V) < d(f) — 29 — 3+ 2d(C), d(V) = d(f) — 29 — 2+ 2d(C), d(V) < d(f) — 2g — 1 + 2d(C) and
d(V) =d(f) — 2g + 2d(C) respectively. Then, by using (7.1), we can write

(q— 1 2ot

g—1
o1 (V#AD) = Z e > qmu%ﬂ > 8v 2m (u)du,

[u|=r1 —g—n+2
n= O m=g—n+ D¢V€A<2n 2g—3+2m

. 29+ (5] g—1 1
02V #0) =50 ?{ 20 Y ) Oy son (u)du,
lul=r1 ,,—o q=u

m=g-n+l D¢V6AJIL725772+2’"L
(¢ —1)g* & = 1
G _ Y= -3
S,S(V #0) = o B Z q " Z W Z 5v;2n(U)du,
ul=ry n=0 m=g—n+1 D#VGA

| <2n—2g—1+2m
2g [£] g—1 1

V40 ~3n 1 5o ()

( ?é ) 27T’L f’lﬂ_ﬁ gq Z q2mum+1 Z Vi;2 (U) U

m=g—n Dy&VGAZn 2g+2m
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with 7 < 1. Now, using (7.2) to bound dy 2, (u) and trivially bounding the sum over V', we can get that
é:ge’j(V #0) < ¢ for 1 < j <4, so Sge(V # ) < ¢%¢. The calculations for 3;_17]»(1/ # ) are similar to
the previous ones and we will not repeat it. Similarly, we obtain that Sy_; ;(V # [O) < ¢% for 1 < j < 4,
S0 S’;_l(V #0) < ¢%.

8. PROOF OF THEOREM 2.1

In this section we give a proof of Theorem 2.1 by combining the results from the previous sections. From
section 4, we have

> LLxp) = Mg+ My +Sg(V=0)+ 8 1(V=0)+S(V #0) + Sy_1(V #0).
DeHag i1
By Proposition 7.1, Sq(V # 0) < ¢7¢ and S,_1(V # O) < ¢9¢. By Proposition 5.1 and 6.1, we have
q9+1 1 qg+1 1
Mg+ Mg 1 +85,(V=0)+8..1(V=0= @) 2 fju—r au)du — @) 2 ]{ul_Ra(u)du
+e1g¥ + 0(%),

9-2(§] (434 28]
where r < ¢~2,1 < R < q and a(u) = < - Ei:ﬁ;?l_zu)z(i;gu;‘ig 2 )C() - Recall that C(u) has an analytic

continuation for |u| < ¢ and C(1) = 0 (see equation (5.2)). Note that the numerator of a(u) has a zero at
u=¢ ! and u =1, so a(u) has no pole at u = ¢~* and u = 1. Between the circles |u| = r and |u| = R, the
integrand a(u) only has one simple pole at u = ¢~2. Then we have

qgﬂi a(u)du — a(u)du ——ng es(a(u);u = g2
Ca(2) 2ri (?{M_T i, ()d> Gy =a.

2

Now, by computing the residues of a(u) at u =g~
Mg+ My 1 +8,(V=0)+S,_1(V=0) = cog®™ + c1q5 + 0(¢%),

which concludes the proof of Theorem 2.1.

, we have
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