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1-) Fill in the details of the proof of Proposition 3.4 in [1].

2-) Fill in the details of the proof of Theorem 3.5 in [1].

3-) Suppose d | q − 1 and that m ∈ A is a polynomial of positive degree.

Show that the number of d-th powers in (A/mA)∗ is given by Φ(m)/dλ(m),
where λ(m) is the number of distinct monic prime divisors of m.

4-) Let P ∈ A be a prime and consider the congruence X2 ≡ −1(mod P )
Show this congruence is solvable except in the case where q ≡ 3(mod 4)
and deg(P ) is odd.

5-) Suppose d
′ | q − 1 and α ∈ F∗q is an element of order d

′
. Let P ∈ A be

a prime of positive degree and suppose that d is a divisor of |P | − 1. Show

that Xd ≡ α(mod P ) is solvable if and only if dd
′

divides |P | − 1. Show
how Exercise 4 is a special case of this result.

6-) Suppose that d is a positive integer and that q ≡ 1(mod 4d). Let P ∈ A
be a monic prime. Show that Xd ≡ T (mod P ) if and only if the constant
term of P , i.e. P (0), is a d-th power in Fq.

7-) Suppose d divides q − 1 and that P ∈ A is a prime. Show that the
number of solutions to Xd ≡ a(modP ) is given by

1 +
( a
P

)
d

+
( a
P

)2
d

+ · · ·+
( a
P

)d−1
d

.

8-) Let b ∈ A and suppose b = βP e11 P e22 · · ·P
et
t is the prime decomposition

of b. Here, β ∈ F∗q and the Pi are distinct monic primes. Consider (a/b)d
as a homomorphism from (A/bA)∗ to the cyclic group 〈ζd〉 generated by
an element ζd ∈ F∗q of order d. Show that this map is onto if and only if
the greatest common divisor of the set {e1, e2, . . . , et} is relatively prime to d.
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9-) Suppose d | q − 1 and a, b1, b2 ∈ A. Show that (a/b1)d = (a/b2)d if the
following conditions hold: b1 ≡ b2(mod a), deg(b1) ≡ deg(b2)(mod d), and
sgnd(b1) = sgnd(b2).

10-) In this exercise we give an analogue of the classical Gauss criterion for
the Legendre symbol. Let P ∈ A be a prime. Show that every non-zero
residue class modulo P has a unique representative of the form µm where
µ ∈ F∗q and m is a monic polynomial of degree less than deg(P ). Let M
denote the set of monics of degree less than deg(P ). Suppose a ∈ A with

P - a. For each m ∈ M write am ≡ µmm
′
(mod P ) where µm ∈ F∗q and

m
′ ∈M. Show ( a

P

)
q−1

=
∏
m∈M

µm.
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